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Quantum copying can increase the practically available information
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While it is known that copying a quantum system does not increase the amount of information obtainable
about the originals, it may increase the amount available in practice, when one is restricted to imperfect
measurements. We present a detection scheme which, using imperfect detectors and possibly noisy quantum
copying machinegthat entangle the copigsallows one to extract more information from an incoming signal
than with the imperfect detectors alone. The case of single-photon detection with noisy, inefficient detectors
and copiergsingle controlledvoT gates in this cases investigated in detail. The improvement in distinguish-
ability between a photon and vacuum is found to occur for a wide range of parameters, and to be quite robust
to random noise. The properties that a quantum-copying device must have to be useful in this scheme are
investigated.

PACS numbds): 03.67—a, 03.65.Bz

I. INTRODUCTION surementg(destructive or nondestructivere made on the
original state, the results of which are then fed as parameters
It is well known that making copies of a quantum systeminto some state preparation scheme that attempts to construct
(e.g., with a quantum copiedoes not increase the amount of a copy of the original. This approach obviously allows one to
information present about the original. To put it another way,generate an arbitrary amount of copies, possibly all identical
spreading information about the original system onto severab each other. The opposite extreme is a fully quantum copy-
systems does not increase the amount of information that oring machine that by some process that is unseen by external
can obtain about the originéh fact, this usually decreases it observerga “black box”) creates a fixed number of copies,
due to noisg However, in discussions on this matter it is usually destroying the original in the process. Naturally, in a
usually tacitly assumed that one has access to optimal meeealistic situation, noise will additionally degrade the quality
suring devices. of the copies, and copiers that utilize both of the processes
In practical situations, however, this is never the caseabove are obviously also possible.
One is always restricted to imperfect measurements, due to Since one’s detection resources are restricted to imperfect
inefficient detectors, and various sources of random noisaletectors that discard some information about the state, it
Although, in theory, quantum mechanics allows one to perthen becomes immediately obvious that classical copying
fectly distinguish between orthogonal states by making apgains you nothing. Any information about the original state
propriate measurements, in practice distinguishing perfectlyhat you can extract from the copies can be extracted just as
every time is impossible. Of course, in many situations thesevell from the measurement results used to produce the
imperfections of measurement are insignificant, but in thiscopies—and these are made with those imperfect detectors.
paper we consider those cases where such inefficiencies agrantum copying, howevers able to give improvements,
relevant. even when degraded by noise and inefficiencies, as will be
Let us investigate what can be done in principle if one isseen below.
restricted to using inefficient and noisy detectors. In many For simplicity, and because the aim is above all to dem-
practical situations, what one is interested in is to determin@nstrate the principle at work here, we will consider situa-
in which one of several possible orthogonal states a system t#ons where one wishes to distinguish between two orthogo-
residing. For example, this is what one does to extract transal possibilities for the input state. Some examples of this
mitted information from a signal. would be single-photon detection, distinguishing spins of
The basic idea explored in this paper can be expressed 8pin-half particles, single-photon polarization, or distinguish-
follows: If we can obtain a second chance to use the detedng between some number of photons and no photons.
tors at our disposal on the same state, we might do better at This paper sets out in more detail, and expands on a pre-
distinguishing it from among the range of possibilities. Wevious short paper dealing with this topic by the same authors
will investigate what happens when one makes copies of thgl]. Section Il puts forward the general detection scheme
original state. If the available detectors are fairly poor, therthat, utilizing entangling quantum copiers and inefficient de-
one may hope that making even imperfect copies may stiltectors, allows one(if the copiers are good enougho
provide improvements if one can then make independendchieve surer detection than with the detectors alone. An
measurements on each of the copies. example is given with a very simplified case of single-photon
Copying machines in general use two approaches. One afetection. Section Il develops a more realistic schematic
the extreme cases is a classical copying machine, where memodel of single-photon detection, using a single controlled-
NOT gate as the copier.
Subsequently, in Sec. IV we consider the noiseless case,
*Email address: deuar@physics.ug.edu.au and analyze its performance with respect to the standard one-
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as opposed to jusiy with no copier, because one gets a
“second chance” at detection. On the other hand, if no count
is registered, then the probability that no photon was incident
is

2

1-p
P%)photomnocount:m’
wherep is the probability that a photon is incident on aver-
age, irrespective of the measurement result. The expression
of Eq. (2) is always greater than (1p)/(1— »p), which is
the probability if no copier is used. This increase reflects the

detector setup. We first consider the situation where one us@§lded confidence that comes from both detectors failing to
the measurement results to make a decision about what ttiggister the photon.

original state was—the probability of being correct is com-

With more copiers, one can do better. Instead of placing

pared between detection schemes. Second, we compare tfgotodetectors at the outputs of the first copier, place copiers
total information about the original state that is in principle instéad, and detect photons only when they have come out of
extractable from the measurement outcomes. Section {he second lot of copiers. One can continue putting in more
looks at how robust the copier-enhanced detection scheme §9Piers in a similar fashion. If we let the number of copiers
to random noise in the copiers and detectors. Finally, in Sedhat photons must pass through before being detected, be
VI, the properties that a quantum copying device must havéN=1 in the case considered previousligen one finds that,

to be useful are found.

Il. ADETECTION SCHEME WITH QUANTUM COPIERS

Consider the case where one of a set of possible input
states are to be distinguished by a measurement scheme, us-

ing (some number of identicalmperfect detectors. That is,
whether the input states are mutually orthogonal, or not, th

detectors at one’s disposal do not always distinguish betwee

the inputs with certainty. One also has sofigentica) quan-
tum copiers that can act on the possible input states. For

first look at the situation, let us suppose that the possiblg1
e:

input states are mutually orthogonal, and that one has som
how acquired perfect quantum copiers for this set of state
Assume the copiers destroy the original, and produce tw
copies for simplicity. Then, an obvious way to take advan
tage of the copiers is to send the originals through a quantu
copier, before trying to detect both copies separata$y/in

S.

for this simplified scheme,

p(N)

coun

N
tphoton 1-(1- 77)(2 )a (33

1-p
1-p+p(1— 7@’

(3b)

N —
P( )Xnophotorhnocount_

0, asN increases, the probability of detecting a photon that
s presen{given that it is presehtapproaches one. Also, the
robability that no photon was present if it was not detected
SO approaches one.

Note that using quantum copiers, and not classical ones is
vital. A classical copier would have to rely on the same

mperfect photodetectors, and would actuakylucethe de-
ection efficiency, since to detect a photon at one of the two

fopy detectors, one must have been first detected at the

copier. This givesP{) onoor= 7(2— 7)., which is always

Fig. 1. This basically gives one a second chance to distin!€SS than or equal tg (Pgunpnotor= 7 1S achieved without

guish the input state, if the detection at the first copy fails.
In practice, one can never be certain whether the resu

given by a detector is due to noise, or the input state, but in

this case, having two tries at detection allows one to bette
estimate whether the result was trustworthy—once again o
average increasing one’s knowledge of the original. To b
slightly more concrete, consider a very simplified model of
photodetection using this measurement sche#enore re-
alistic model is developed in Sec.)lISuppose one has per-
fect copiers, and noiseless photodetectors of efficiency
That is, the probability of a count on the detectoryisf a
photon is incident, and O otherwise.

With the copier set up as in Fig. 1, if any of the detectors

register a count, one can with certainty conclude that a pho- A genera

ton was incident. So, if a photas incident, the probability
of finding it is

P ntphotor= 7+ (1= 1) 7, (1)

any copiers at all

It

. A MODEL OF IMPROVED SINGLE-PHOTON
r DETECTION

n . . .
Detection with the help of perfect quantum copiers, as

riefly discussed in Sec. Il is all very well, but what happens
when the equipment used is noisy, and not 100% efficient?
Consider the following, more realistic, model of photodetec-
tion, using the scheme outlined in Sec. II.

The possible states that are to be distinguished are the
vacuum|0) and single photohl) states. The priori prob-
ability that the input state is a photonps
lized measurement on some statan be mod-
eled by a positive operator-valued meas(iPOVM) {Ai}
[3,4] described by a set of positive operatord,; , such that
="_,A;=1, wherel is the identity matrix in the Hilbert space
of p (and of theA,). The probability of obtaining théth
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result, by measuring on a stateis then Note that transformatiori8) can be also considered an
“entangler” rather than a copier. Consider its effect on the
P,=Tr[pA]. (4)  photon-vacuum superposition state
Now suppose the photodetectors at one’s disposal are 1 1
noisy, and have a quantum efficiengy The effect of these E(|0>+|1>)HE(|0>|0>+|1>|1>)- 9

can be modeled by the POVM,
This correlation between the copies is an essential property

Ay =n[1)(1|+ 7£|0)(0], (58 for the detection scheme presented here to be useful—
R otherwise one could not combine the results of the different
A_=(1-n)|1)(1][+(1-78€)[0)(0], (5b)  detector measurements to better infer properties of the origi-

. nal. For example, the universal quantum copying machine
where the operatoA, represents a count, and the operator(UQCM) [5], which reproduces an arbitrary qubit with the
A_ the lack of one. The parametgr=[0,1) controls the best possible fidelity, cannot give gains in detector efficiency
amount of noise. That is7 is the probability that the pho- Vvia the scheme presented above, even when no random noise
todetector registers a spurio(islark” ) count when no pho- is added in the copying procesanalogous tee=1). This
ton is incident. matter will be further investigated in Sec. VI, where the

Model the quantum copier as one that has a probahility properties of the copying machine required for this scheme
of working correctly and producing perfect copies. Other-to work are investigated.
wise, the parameter [ —1,1] determinedin a somewhat
arbitrary way what is produced. This can be written IV. PERFORMANCE OF THE COPIER-ENHANCED
SCHEME WITH NOISELESS COPIERS

p1=|1)|d)(1(d|—¢|1)|1)(1[(1]+ (1— &) pn=p1],
pr=[Ld)(L[(d] =2 DIIXIA (1= 2)py=p1 (6a) First, consider the optimum cagler the copier-enhanced

detection schemevhenu=—1. In this situation, the copier
~ . T (l—g) o=l produces.a vacuum when it fails tp _vyork, and any noise
po=[0)|d){0I{d|—2]0)0)(O[(O[+(1=2)pn=po 6p  Presentwill come only from the possibility of dark counts by
the detectors. The effect of copier noise will be considered in
|d) is a dummy state, that is fed into the copier, and become§ec. IV A, but for now we will ignore it, to show the general
the second copy. It is included here to preserve unitarity irfeatures of this setup with greater clarity.

the perfect copying case= 1. The state produced upon fail- ~ The detection scheme outlined in Sec. Il provides the
ure of the copierZ)N is independent of the original, and is observer who has the detectors with @easurement results,
’ each of which can either be a “counthenceforth labeled as

given by ;
+), or “no count” (labeled as-). There are obviously bet-
. i w11 if >0 ter and worse ways for the observer to use thel® 2lis-
PN:(1—|M|)Z+ | [0)0)0l(0] if w=o. (7)  tinct possible outcomes to distinguish between a photon or

vacuum input. Let us look at two of these.

Herel/4 is the totally random mixed state. So far=0 a
totally random noise state is produced upon failure to copy, A. Performance comparisop for correctly choosing the most
for u=—1 vacuum, foru=1 photons in both copies, and likely input state
for intermediate values gf a linear combination of the three An obvious and simple way to utilize the measurement
cases mentioned. The case briefly considered in Sec. Il ha@dsults is to use them to decide whether it is more likely that
the parameters=1 and¢=0. a photon or that vacuum was input. One assumes that the
This model[Eq. (6)] of the copier is an extensiofto  person using the whole setup knows the parameters
allow for inefficiencieg of the Wootters-Zurek copier, which 5, ¢ ¢, andu. In statistical terminology, we find the maxi-
was extensively studie®,5]. In the ideal caseq(=1), with 1y, jikelihood estimato® for the parametes which de-
the dummy input state in the vacuurfdf=[0)), the trans-  g¢ripes the input stale), and so takes on either the value 0
formation is orl.
We wish to compare how well this strategy works with
the copier-enhanced scheme and with the basic one-detector

This transformation can be implemented by the simplest of€tup. To this end, we will compar, the probability that

all quantum logic circuits, the single controllebT gate.  this “most likely” guess for the input statéi.e., that 6
These have recently begun to be implemented for some sys- ) is correct. For simplicity and clarity, we will restrict the
tems (although admittedly not for single-photon systems analysis of this method to the usual photodetection case
and are the subject of intense ongoing research, because when dark counts are raré<€1).

their application to quantum computing. This means that Consider first the standard detector-only setdp=0).
similar schemes to the one considered here may become eXhe measurement outcome probabilitieg; [where P;); is
perimentally realizable in the foreseeable future. the probability of getting measurement respkt{+,—},

0)[0)—[0)[0),  [1)|0)—|1)|1). ®)
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given that the incident state was thé one (<{0,1})] are  respectively. Given these restrictions, there are still two pos-

easily found using Eqg4) and(5): sibilities: when the resultsH{ —) or (—+) are obtained,
either a photon or a vacuum input are more likely. It turns
Pii=n P_1=1-1, (108  out that when the vacuum is more likely in this situation
[6(+ —)=6(—+)=0], theN=1 detection scheme with the
Pio=né Pojo=1-7¢ (100 copier always gives a worse probability of success than just

) " . using a single detectoN=0).
Now the estimatoig(j), given a certain measurement result  However, in the other case, when any count on either of
j, can be easily calculated from these, sig¢)=i if Pj; the detectors is more likely to indicate that a photon was
=1/2. One finds, for example, that if a count is detected, themput, the scheme with the copier is often better. The prob-

the most likely input was a photopd(+)=1] only if p  ability of a correct guess is then

>¢/(é+1). Similarly, the other “common sense”

conclusion—that if no count is seen, then it is more likely Q(1)=1-p—7n&(1-2p)(2—7né)

that there was no input photc[_r?ﬂ(_—)=0]—occurs only if +enp[2—p—E2— né)]. (14
p<(1—9n&/[2—7n(1+¢&)]. This is because whep, the

probability of photon input is almost certain, then even if youAnd so, the copier-enhanced scheme gives better results
do not see it, it becomes more likely that an incoming photorwheneverQ(1)>Q(0), i.e., when

was not detected than that none came in at all. Let us ignore

such situations whe@d(+)= 8(—), since then this method E1—7&)(2p—1)—p(1—-¢) _ 15
tells us nothing about the input state. The situat'&inl—) P(1=O[7(1+8-2]

=0,6(—)=1 never occurs. We find that for useful param-n particular, in the usual practical situation with few dark
eters, the probability of being correct is counts ¢<1), and when the probability of photon input is

Q(0)=Py1p+P_o(1=p)=1—p+n[p—&(1- D)](-ll) tmh:Jscgirg;ﬁi%fsr tt(?an the probabilly of & dark coust=)
Now we want to compare to this the probability of being = L (16)
correct if some quantum copiers are used to help things 2—7
along. Consider the setup with only one copilr<{1). The _ ) L
measurement outcome probabilitigenereP;; is the prob- So the.c.op|er has to be just abqve 50% efficient if the quan-
ability that given theith input state, the first detector gives tum efficiency of the detectors is low, and somewhat better
the resultj, and the second detector gives the rekjjtare ~ Whenz is larger.
found using Eqgs(4)—(6), remembering thatt=—1:
B. Performance comparison for information about
Poin=nle+(1-8)&], (129 the initial state

It was seen in Sec. IV A that if one intends to make a
definite judgment about whether a photon was incident on
the (single detector or not, then for some parameter values
the measurement result is no help at all. This is because, for

Pojp=e(1=7)%+(1-e)(1- 9é)?, (12b)

Pip=P_ip=en(l-n)+(1-¢&)né(1l- 7)),

(129 these parameter values, the most likely original state is al-
P, (o= 722 (129 Ways the same one, irrespective of the measurement result
2+[0 ' happens to be. The parameters &, andp for which this is
Py o=(1- 7é)2, (120 Erl]g) case wheiN=1 are those that do not satisfy relations
P, 10=P_ 0= 7é(1— né). (12 Nevertheless, in such a situation the fact that a count on a

photodetector is still more likelgsinceé< 1) when the input

In this case, we find that the estimation method used idS @ photon than when the input is vacuum means that this

this subsection is useful whef(2+)=1 and #(2—)=0 measurement will always give at leasbme information
This occurs when ' about what the input wagOf course if dark counts are very

common, it will give only a minute amountlt follows, then,
£2 that the method of interpreting the results described in the
> > (13a Sec. IV A (choosing the most likely possibilitymust be
e(1- &) +2¢ wasting some information about the input state.
Let us look instead at the total amount of information
and about the input state that is contained in the measurement
5 results. This is théShannon mutual informationl ,, per in-
< (1= 7¢) (13b put state between some obsengarho knows with certainty
2(1—pé)2—en[2—p(1+&)](1-¢&)’ what the original states af@erhaps because they were pre-

p

p
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pared by that observerand another observé8 who has 7€ is a one-to-one, monotonically increasing functior gf
access to the measurement results of the detection schemgd so if(and only iff some detection scheme increasésit

This can be readily evaluated from the express®ng] also increases the mutual information. Thg&and 1, are
P equivalent for ranking detection schemes in terms of effec-
il i e
Im=2, PP, IogZ?.l, (17)  tivenessz® also has the advantage that for some cases of the
1]

new copier-enhanced detection scheme it is independent of
the photon input probability. [Notably the basic noiseless
(but possibly inefficientcase whenu=—1, and¢é=0.]
wherei ranges over the number of possible input states, and Now it is time to ask the question: for what parameter
j over the number of possible detection resutsare thea  values does the copier-enhanced detection scheme provide
priori probabilities that théth input state entered the detec- more information about the initial states than using a single
tion scheme,P;; is the probability that theth detection detector? Consider first the simplest case of interest, where
result was obtained given that théd state was input, ané; there are no spuriousdark” ) counts in the photodetectors
is the marginal probability that thgh detection result was (£=0), and one has a copier of efficieneythat produces
obtained overall. In our case, the probabilities are given bywacuum upon failure 4= —1). This will give some idea
Egs.(10) and(12), and can be similarly readily evaluated for about the relationship between the detector and copier effi-
N>1. Actually, this calculation is usually quite convenient, ciencies required, leaving the effects of noise for later con-
and avoids some of the complex formulas encountered witkideration in Sec. V.
the previous method of Sec. IV A. Also, unlike the latter, itis ~As mentioned previously, in this situation the effective
applicable for all parameter values. efficiency is independent qf, and with one layer of copiers
This mutual information has very concrete meaning ever{N=1) it is found to be given by the simple expression
though in generalB can never be actually certain what any
particular input state was. It is known that by using appro- ,7'(31)=8[1_(1_ 7)?]. (19
priate block-coding and error-correction schemés,can
trar_lsmi_t toB an amount of:erta_ininfo_rmation that can come  gjnce this is independent @f introducing a second lot of
arbitrarily close to the upper limit,, imposed by the detec-
tion probabilities. In other words$,, is the maximum amount
of information thatA andB can share using a given detection
scheme, if they are cunning enough.

copiers is equivalent to replacing in the above expression
by 71y, i-€., 7(h+1)=e[1— (1= 5{y)?]. In fact, in the limit
of never-ending amounts of copiers, the effective efficiency

It follows, then, that the detection scheme which gives aapproaches
greater information content about the initial state, will 1
potentially be the more useful one. The authors have shown lim 78 =2—=. (20)
that the Wootters-Zureks(=1) copier is the optimal quan- Noo (N €
tum broadcaster of information when the information is de-
coded one symbol at a tin{8]. One finds that effective efficiency is improvedver 7°

From_ e.xpressionil7) i_t.c_an be seen thdt, .depends on . by the copier scheme whenever
the a priori input probabilities(the parametep in the cases
considered hepe This leads one to surmise th@t least in 1
general various detection schemes may do relatively better e>——. (22)
or worse depending on how frequently the input is a photon. 2—7
This is in fact found to be the case. However, in what fol-
lows, we will concentrate mainly on the= 1/2 case of equi- This is the same as conditidt6), that is needed to improve
probable photons and vacuum, since this is the situation thdfe probability of making a correct guess with the method of
allows the maximum amount of information to be encoded inSec. IV A.
the original message, and so is in some ways the most basic Since no random noise is introduced by either copier or
case. detector, improvement is achieved whenever more copiers
Finally, before we begin analyzing the new detectionare added, to arbitrary ord®& The relative improvement in
scheme, sincé,, becomes very small when most inputs areéffective efficiency Q;'fs)/ n) when three layers of copiers are
of the same typémostly photons, or mostly vacuymit is  used N=3) is shown in Fig. 2. A few things of interest to
convenient to introduce an effective efficieng§ of the de-  note in this figure.
tection scheme. If the new detection scheme gives mutual (1) The copier efficiency required is always aboyend
information contentl ,,(e,7,1,& N,p) per input state, then above 1/2.
7% (e, 7, ,€N,p)) is defined as the efficiency of a noise-  (2) A gain in efficiency can be achieved even with quite
less detector that would give the same mutual informatiorpoor copiers—for relatively small detector efficiencigs
content if it was used by itself in the basic scheme with no(which occur for photodetection in practicehe copier effi-
copiers, i.e, ciency required is only slightly above half.
(3) For very good detectors, to obtain improvement, the
copier efficiencye has to be slightly greater than the detector

Im(-,7%-,0,0p)=1m(e,n,1,&N,p). (18) efficiency 7.
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FIG. 4. Regions of efficiency gain for the single-copie¥ (
=1) detection scheme, as a function gfthe copier, andy, the
detector efficiencies, for varying frequency of dark counts param-
etrized byé. In all cases, the copier produces vacuum when it fails
(x=—1) and the input is equiprobable to be a photon or vacuum
(p=1/2).

FIG. 2. Relative efficiency gaim® /7 contours for the three-
level (N=3) copier detection scheme over the basic detedtbr (
=0), as a function of detector efficieneyand copier efficiency,
where both detectors and copiers are noiselessOu=—1).
Valid for any photon input probabilitieg.

(4) For low efficiencies, the relative gain in efficiency can V. EFFECT OF RANDOM NOISE ON DETECTION
be very high, and can reach approximatel/far very poor SCHEME USEFULNESS
detectors and very good copiers.

To examine how much improvement can be achieved in Following on from the analysis in Sec. 1V B, let us now
P .Introduce various types of noise into the detection scheme.

more detail, consider when the efficiency of the detectors % nfortunately nice analytical results like Eq49)—(21) dis-

7=0.6. This is a typical efficiency for a pretty good single- 5 h0ar 50 what follows is based on the results of numerical
photon detector at present. This is shown by the solid lines iRy 1ations. Additionally, the results now also depend on
Fig. 3. Note how quite large efficiency gains are achievablgyg photon input probabilitiep.
even when the copier efficiency is slightly over the threshold  Eirst consider the effect of dark count&<0), while still
useful value of 5/#0.714[from Eq.(21)], and how adding  keeping the copier noiselesg € —1). The regions of effi-
more copiers easily introduces more gains at first, but aftegjency gain and loss with one copier are shown in Fig. 4. In
three levels of copiers, adding more becomes a lot of efforteal detectors, dark counts always occur, but are usually kept
for not much gain. quite rare, so realistic values @f are of the order of¢
=<0.01. Thus(as can be seen from Fig),4or likely param-
eters, dark counts do not reduce the effectiveness of the
copier detection scheme by much at all.

Neoo Next consider noise in the copier. In our scheme, noise is
o.9r TR/ linearly introduced into the copying process by varying the
o8t N= y g parameteru away from|u|=1. The amount of noise in-

Never Achieved N=1 P . .
ol - creases ag. approaches zero, until only pure noise occurs
/ upon failure of the copying fo=0. The dependence qa
0.6 .. ..
. N=0 7 N=0 of the values ot and » needed for efficiency gain is shown
£ 05p 4 1 in Fig. 5. In the particular case shown, photons and vacuum
045 o 1 are equiprobablep(=1/2), and there are no dark counts (
L B // i :0)_
0.3 N=1 ,
0al > ! ] First, it is seen that in most casgk0], the optimum out-
/ ,/N=°° put for the copier to produce upon failure is vacuum=(
o1 w7 ] —1), and the worst situation is when it produces photons by
% 02 oz 06 08 y default (w=1). Totally random default outputu(=0) re-
€ quires the copier inefficiency to be reduced by roughly a

FIG. 3. Equivalent efficiency;®, as a function of copier effi- factor of 2 relative to what is .permissible for vacuum default
ciency e and number of levels of copiefs, when detector effi- OUtput. Unfortunately, little is known to date about how
ciency is 7=0.6, and both detectors and copiers are noiseléss (much noise will be inevitably introduced in a practical quan-
=0, u=—1). Results forN=0-3 are shown as solid lines, and tum copier, but it seems reasonable that the default output
the limit of what can be achieved is shown as a dashed line. Recan be made somewhgberhaps significantlybetter than
gions beyond thé&\=0 andN— cases are not achievable with random. If noise could be made 10% probafgerhaps not
noiseless copiers. Valid for all photon input probabilities an unreasonable figureipon failure to copy, then copiers
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1 ' T : this case produces the maximum amount of noise upon fail-
oot kg ;_';':'e""yea'" ure (i.e., w=0). Features seen include the following.
o8k T ] (1) Efficiency is easiest to increase wheris close to 1,
ok i.e., there are photons coming in most of the time.

R (2) When photons are rarg(small), the copiers have to
065 I be very efficient to be useful, since one wants to register

W05 1 ; almost all of those that do come along.
oal ] (3) When photons and vacuum are of a similar frequency,
oal Efficlency Lessened | the necessary copier efficiency changes sloisBe how the
p=0.4, 0.5, and 0.6 curves are close together

0.2y I The behavior exhibited is fairly typical, althougl=0
0.1} . appears to be the worst case scenario, as it is the most noisy.

o . . . . In less noisy situations, the required copier efficiemcin-

0 02 A 08 ! creases more slowly with decreasipg

FIG. 5. Regions of efficiency gain for the single-copied (
=1) detection scheme, as a function fthe copier, andy, the
detector efficiencies, for varying outputs when the copying fails— As mentioned briefly at the end of Sec. [Eq. (9)], the
i.e., the variation irnu. In all cases, the probability of dark counts in fact that the guantum copier produces entangled states when
the detectors is taken to be zer$=(0), and the input is equiprob-  the input is a superposition is important for the scheme out-
able to be a photon or vacuurp{ 1/2). The casu=—1 corre-  |ined above to work. Let us consider what properties a quan-
sponds to vacuum output upon failure of copying=0 random  {;m copier must have to be useful in this scheme.
output, =1 photon output. The scenario where it is easiest to enhance the detection

. - . . of information is where the detectors are very weagkvery
with an efficiencye of about 0.65 would improve detection smal), and there are no dark counts<€0). So, if a copier is

for typical quantum efficiencieg of about 0.3 or 0.4. Either of no use in this situation, it will not be useful for any de-

way, it is seen that even overwhelming noise upon failure tqe oo parameters whatsoever. This will let us specify the
copy, still allows fairly inefficient(say e ~0.8) copiers 0, nadest range of copier parameters for which they may be
improve the detection efficiency. This is perhaps somewhatgqf, in improving detection efficiencies.

unexpected. _ - e _ _ In any detection situation, we can choose the basis in

Since the effective efficiency” only varies with photon hich g specify the transformation to be the one in which

frequencyp when noise is present, the next question whiche getectors measure populations only. Since this simplifies
arises when considering noisy schemes is what efilé®@s e mathematics, let us do so in what follows. We impose
on the performance of the new detection scheme. Figure §ne condition on the copier to make the analysis clearer: the
shows regions of efficiency increase in termsaind» for  giates of the copies considered separdtblt is, the reduced

a single copier scheme, when itis used on sets of input stateRnsity matrices of the copigare identical. This is the usual
containing different proportions of photops The copier in  gjt,ation, where both copies are the same. This allows us to

write the copying transformation of the two possible input

VI. REQUIRED COPIER PROPERTIES

1

om105 states(including any noise introduced by experimental fac-
085 tors) as
0.9f o 1
ossF ot R - | 1){1[—aq|1)|1)(1[(1]+a2|0)|0)(0[O|
08t p=0.6 T 1 A~ .
w0.75F 1 +§(1—a1—a2)M+Ca, (223
p=0.99999
0.7r 1
ey Losames ] |0)(0]— by 1) 1) LI( 1| +b| 0} 0)(0[(O)|
0.6 1 1 ~ ~
0.55¢ 1 -‘r-z(l—bl—bz)M +Cp, (22b)
0.50 0:2 014 016 018 1
n where

FIG. 6. Regions of efficiency gain for the single-copied (
=1) detection scheme, as a function gfthe copier, andy, the
detector efficiencies, for varying priori photon input probabilities R R
p. In all cases, the probability of dark counts in the detectors isand where 6=a;+a,<1 and O<b—1+b,<1. C, andC,
taken to be zerog=0), and the default output upon copy failure is consist only of coherences, so do not contribute to the mea-
a totally random statei(=0). Note that the scale ia differs from  surement probabilities, since we have chosen the basis so
that in Figs. 2, 4, and 5. that what the detectors measure become the populations.

M =10)|1)(0[(1|+|1)[0)(1[(0], (229
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2

- vacuum outputs more often than photons. Thus the region
18] p=2;°~16°4 A>1B<1 corresponds to imperfect cloning transforma-
18], pet ] tions, while the regiolA<1,B>1 corresponds to imperfect
o 14] p=0.9 ] “swapping” transformations which most often transform
2 i photons into vacuum, and vacuum into two photons.
2 (3) Relabeling|1)—|0) and |0)—|1) in the copying
WO Never useful 1 transformation does not keep the recovered informakjpn
D 08 p=1 : invariant because the detectors do not react the same way to
06 s ] photons and vacuum. This is why Fig. 7 is not symmetric
04 = ] aboutA=B.
o vack ] (4) The hoisy copying transformatiofEq. (6)] used in
- previous sections of this paper can be made to corr_espond to
0 oz o7 o8 08 o 12 12 1o 18 o any values oA andB whereA>B by appropriate choices of
A= tar-a w ande. In fact,
FIG. 7. Quantum copier properties which allow improvements A=1+pu+e(l—pw), (279
in information transfer when using detectors of very low efficiency
7 having no dark countsé=0). A andB are parameters of the B=1+pu—e(l+u), (27b

copiers, and the lines show boundaries of the regionsAB)
space within which copiers give improvements. Various lines cor
respond to varioua priori input photon probabilitiep indicated on

the plot. Improvements occur in the regions away from the diagon .
A=B relative to the boundary lines for a givgn For higher effi- (5) Greater ranges of copiers become usefupdthe a

ciencies», smaller regions ofA—B parameter space are useful. priori input photqn frequendybecome; !a_rger. For very low
The UQCM is indicated by the cross aAB) = (5/3,1/3), and the Photon frequencies, only the close vicinity o4,8) =(2,0)
Wootters-Zurek copier by the circle at (2,0). gives improvements. _ _
(6) The Wootters-Zurek copying machirier entangler

The information about the original states transmitted tdlies at this point ,B) =(2,0), and is the only copying trans-
the observer with the detectors can be easily calculated usid§rmation which gives improvement for arbitrary photon fre-
relations (4), (5), and (17), noting that when a copier is duUeNcyp. _ _ _
present, the POVM which describes the combined measure- (7) The well-known universal quantum copying machine
ments at both detectors simply consists of all tensor product&dQCM) [5], which reproduces an arbitrary qubit with the

“and families of such transformations with a set efficieacy
e parallel to the dividing lind=B.

of the one-detector POVM: best fidelity lies at A,B)=(5/3,1/3), outside the region of

detection improvement for any, and hence is never useful
Ann=A,®A,, : nme{+,—}} (23) l;lor the type of detection enhancement scheme discussed

ere.
The information with weak detectors, input photon probabil- Thus one can see that quantum copying transformations
ity p, and no copier is used in such a detection improvement scheme as outlined
here must be similar in their properties to the Wootters-
lo(7,p)=—nplog; p. (24 Zurek copier(the controlledvoT gate, and the degree of

similarity required depends on the input photon frequency.
With a copier, it is Imifarity requi p input p quency

I m(7,p,A,B)=7npAln, A+ n(1—p)BiIn, B VIl. CONCLUSIONS

— g[pA+(1—p)B]log,[ pA+(1—p)B], We have provided an example of how spreading informa-
tion about quantum states onto a larger number of sub-

(25) systems actually increases the amount of information about

that depends only on two parameters of the copier: the original state that is_ availa_ble to an obseryer. The key
reason why this occurs is that in realistic situations, observ-

A=1+a;—a,, B=1+b;—h,. (26) ers are always restricted in how close to the ideal their mea-

surements can be. Then quantum copying the original state
Figure 7 shows the values of parameté&rsand B over  may allow the observer to make better use of the detection
which copiers are useful for detection enhancement, for variapparatus at their disposal.
ousp. Some points to note about this figure are the follow- In particular, more efficiency of detection can be gained
ing. by employing entangling quantum copiers such as a
(1) The diagonalA=B correspondsvia Eq. (25)] to the  controlledNoOT gate. In fact, if the efficiency of the detectors
worst-case situation where no information about the inpuis far from 100%(such as in single-photon detectjothe
states is recoverable from the detectdrg=0). copier does not have to be very efficient itself, and signifi-
(2) WhenA> 1, photon inputs create photon outputs morecant gains in detection can still be made.
often than vacuum, while iB<1, vacuum inputs create From Fig. 2, and others, it can be seen that to be useful,
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the quantum copiers must be successful with an efficiency posed scheme when random noise is present are found to
over 50%, and somewhat greater than the detector efficienajepend somewhat on the relative frequency of the various
7. It is not generally clear how feasible this is for various states to be distinguished. In any case, the copying transfor-
physical systems, or measurement schemes that one mighmation must be similar to a controlledT gate, the exact
wish to employ. With current technology it is often still degree of similarity depending on the relative frequency of
easier to make measurements on a system, rather than entdime input states. The effectiveness of the scheme is, however,
gling it with other known systems; however, this varies fromquite robust to random noise in the detection and copying.
measurement to measurement and from system to systeMle note that although a detailed analysis was carried out for
The physical processes involved in measurement and quathe case of single-photon detection, the basic scheme imme-
tum copying are often quite different: the former requiresdiately generalizes to the case of distinguishing between any
creating a correlation between a quantum system and a matwo mutually orthogonal states with inefficient detectors, and
roscopic pointer, whereas the latter involves creating quancan be readily generalized to a larger set of input states, and
tum entanglement between two similar microscopic statedlifferent detectors. The analysis that is carried out in terms
Efficient detection depends on correlating the system with it®f mutual information between the sequence of input states,
environment in a strong, yet controlled way, whereas quanand an observer using the detection scheme, is seen to be a
tum copying depends on isolating the system from its envimethod that is simple to use, and a powerful means of evalu-
ronment. One thus supposes that the usefulness of a scheming detection schemes.

such as the one outlined here will depend on the system and

measurements in question, due to the relative ease pf imple- ACKNOWLEDGMENTS
menting detection and controlled quantum evolution in those
systems. We are grateful to R. Horodecki, P. Horodecki, and M.

The copier parameters required for usefulness of the pra-orodecki for an illuminating discussion.
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