MATHA4105 General Relativity Problem Sheet 6 Answers

1 (Based on Hartle including problems 7.11,7.12) Consider a metric sometimes known as the Alcubierre warp
drive. There is one of these metrics for any curve in space of the form x4(t),y = 0,z = 0. We can define the velocity
associated with the curve vy(t) = dxs/dt and the distance of any spatial point from the curve rs(t) = (v — z4(t))? +
y? + 22. Finally we define a smooth positive function f(rs) such that f(0) = 1 and f(rs) vanishes when rs > R for
some R. The line element specifying the metric is then

ds® = —dt? + (dz — vs f(rs)dt)? + dy* + dz*. (1)

We will describe x4(t) as the path of a space ship undergoing a “warp-drive”

(a) Find the paths of light beams in this metric and show that at every point along x4(t) the four-velocity of the ship
lies inside the forward light cone.

(b) How much ship time elapses on a trip between stations that takes co-ordinate time T ?

(¢) Show that the path z#(t) = (t,x5(t),0,0) is a geodesic of this metric.

la

We have the metric
ds? = —dt* 4 (dz — ve f(r5)dt)? + dy* + dz>. (2)

Null paths have ds? = 0. This gives

(& nwsen) + (D) + (%) -1 ®)

and for dy = 0 = dz paths that we are interested in

d
= £+ 0, f(r). (4)

The forward light cones are tilted along the path z(t) so that as we will see shortly this path is timelike. Far away
from z,(t) they are vertical just as in flat spacetime.

1b

We're asked to consider the path
x#(t) = (¢, z5(t),0,0). (5)

Firstly let’s check that this path is inside the forward light cones for this metric. For this path we have

dx
E = Us (t> (6>

and light paths passing through the points on z,(t) and moving on the ¢t — z plane have the velocities +1 + v, from
the previous question. Finally since

—1+vs <vs <14, (7)

the particle is moving at less than the local speed of light.
Alternatively we could check that the path is time-like all along its length. This is also sufficient. We have
dat(t)
dt

= (1,v5(¢),0,0) (8)



and

dz (t) da (t) dt\?® [dx dt\?>  [(dy\? [dz\°
=g —ar ~ \at) P\ eIy ) ) Tla) T ©)
so the path is timelike. (I've used dt/dt = 1, dz/dt = vs(t) and s = 0 all of which hold along the warp drive path.)
Notice that this implies that the proper time is 7 = ¢ since the proper time experienced by an observer moving

along the curve z#(c) is given by
o1 dxt (o) dzt (o)
_ g d 10
’ /00 \/ I o do (10)

and we have just substituted for our path into this formula to find

ty
r= [ dt=At (11)

to

1c

Now we need to check that we have a geodesic. There are two ways of doing this. Firstly evaluate the Christoffel
symbols along the path of interest using the expression for them in terms of the metric, or inspect the Euler-Lagrange
equations directly.

If we set
dat\ daet(r) dat(T)  (dt\® [dx dt\> [(dy\® [dz\’
w(an ) =, OO () (Lowwreay) - (L) -(£) a2

then the Euler-Lagrange equations require

ow d ow

dxt  dr O(dztdr)’ (13)

Now we need to be careful. Firstly one needs to do the partial differentiations of w before substituting for the current
path (remember we have to regard z* and dz*/dr as the independent variables when performing these derivatives).
Secondly notice that rs depends on time as well as position since

rs = Ve - OF + 42 + 22 (14)
So we have
a s S ! S
f;:) _ Ufrs(r>(x—xs(t)) (15)
of(rs) _ f'(rs)
% = (z — z5(t)) (16)
of(rs) _ ['(rs)y
B = (17)
8f(rs) _ f/(rs)z
oz 7 5
where f' = df /drs. Notice that for z# (1) = (7, 25(7) = x5(t),0,0), our path, all of these are zero.
Now consider
0 Of(rs)] dt (d d
20— afur o (&) 1)
0 Of(rs) dt (d d
N A o (20
ow __, 0f(r)dt (dr I
- ey @ (dT vs(t)f(rs)d7_> (21)
ow __, 0f(r)dt (dr I
P —2v 0z dt (dT vs(t)f(rs)d7_>. (22)



Notice that for our path all of these are zero.
Finally consider

% = 2% youg (Z—f—vs(t)f(rs)g—j) (23)
S = 2 (j—ﬁvsa)f(rs)j—j) (24)
8(%% = 2% (25)
8(627%7) - 72% (26)

Now for our path dz*/dr = (1,v4(t),0,0) so these equations give us 2,0, 0, 0 respectively and so we have

d ow
& Odar jdr) ~° 27)

for all © and hence the geodesic equations are satisfied.

Notice that although I have to do the original differentiations before substituting for the path I then substitute as
early as possible to get simple expressions.

Most people who attempted this did some version of what I have done here but the organisation can vary consid-
erably, particularly if you use the formulae for Christoffel symbols in terms of the metric in which case one evaluates
derivatives of the metric only not w.

2 (Hartle 8.3) A three-dimensional spacetime has the line element

-1
ds® = — <1 — ¥> dt* + <1 — ¥> dr® + r2de? (28)

(a) Find the explicit Lagrangian for the variational principle for geodesics in this spacetime in these co-ordinates.
(b) Using the results of (a) write out the components of the geodesic equation by computing them from the Lagrangian.
(¢) Read off the non-zero Christoffel symbols for this metric from your results in (b).

2a

Despite the fact that we are in three dimensions these formulae are exactly the same as in the usual case. We can
parameterize a path x#(\) and find the proper time associated with this path to be

B B
dzt dx™u
= AN/ —gup———— = d\/ 2
TAB /A In d\  d\ /A v (29)

Geodesics will extremize this proper time and so the argument of this integral is the Lagrangian that we need to use.
So we find in our case

s (CE) @) @@ w

The Euler-Lagrange equations will be unchanged if we use proper time 7 as the parameter and take the Lagrangian
to be the square of this. I discussed this in lectures and it’s in the lecture notes so I won’t go through the calculation
here but I would also have accepted the following answer with some explanation

L2t da fdr) = <1 - g) <C‘;—j>2 - <1 - g) - (3—:)2 _p? <fl—f)2 (31)




2b

Now the Euler-Lagrange equations are

d oL’ oL’
_— = — (32)
dr O(dz+/dr)  Ox
where we have used the L’ version to avoid the square roots. Look in the lecture notes for how to convert between
these two.
There is nothing for it but to calculate the derivatives. I find

oL’

o =0 (33)
oL 2M [dt\® 2M oM\ 2 [dr\? do\ 2
o TT(E) M—z(lT) (d_) 2’”(5) (34)
oL’
55 = © (35)
(36)
and
oL’ 2M\ dt
R Ik 0
oL’ oM\ " dr
s~ () E o
oL ,do
a(de/dr)y ' ar (39)
(40)

When we evaluate d/dr we need to use the product and the chain rule, we need to do partial derivatives with
respect to all of the variables and their derivatives. We find

d_OL () 2MY &AM ddr )
dr d(dt/dr) r ) dr? r2 drdr
d oL oM\ " d?r  AM OM\ " [ dr\?
— = 21— — — 4+ —(1-— — 42
dr d(dr/dr) < r > dr? + r2 ( r > <d7’> (42)
d oL d>¢ dr d¢
—_ = 22—~ _4p— T, 4
dr 0(dg/dr) e Varar (43)
(44)
We can now rewrite the Euler-Lagrange equations to give us the accelerations
d?t 2M oM\ " dt dr
— = —1-— —— 4
dr? r2 ( T > dr dr (45)
d2r M oM\ [dt\® M oM\ ' [dr\? do\>
= (1= (= ~(1-== - —2GM) [ = 4
dr? 72 ( r > (dT) * r2 < T ) (d’]’) +(r-26 >(d7') (46)
d?¢ 2 dr do
- 4
dr? rdr dr (47)
(48)
2c
We can now compare this to the geodesic equations written in terms of the Christoffel symbols
d?zt B p dx® E (49)

dr2 " "Ndr dr



to find
o= (1- %) (50)
7, = % (1 - g) I, = f% (1 - %)1 I, = — (r — 2GM) (51)
ré, = - (52)

Careful that when the two lowered indices are different, the Christoffel symbols are symmetric in these indices and
they occur twice in the sum so that we get a factor of two taken off the corresponding coefficient.
3 (Hartle 22.16,22.17) A four-dimensional spacetime has the line element

oM oM\ !
== (1= B0 (120 )t s 0as?) )
r T

(a) Find the Christoffel symbols for this metric by whatever method.
(b) Show that the Ricci curvature of this metric vanishes.

3a

It would seem to be very foolish not to use all the derivatives we calculated in 2/ so we will use the geodesics rather
than the derivative formulae to find the Christoffel symbols. You don’t have to repeat much of the calculation since
we have just added a variable from 2/. T am just going to cut and paste, adding in the new angular dependence.

Now we have

et jan - (120 () (1207 () e (9) o () s

There is nothing for it but to calculate the derivatives. I find

aaLt' 0 (55)
() () () (&) o
%Z = 27”2811196089<fl—f>2 (57)
w_ (5%)
(59)
and
/
e G o
-1

a(jﬁlm - (1 - ¥> Z_: o

a(jTL/:h) - —27‘2% (62)

(%jTl}ldT) = —2r%sin? 9% (63)

When we evaluate d/dr we need to use the product and the chain rule, we need to do partial derivatives with



respect to all of the variables and their derivatives. We find

%8(25:17) =2 (1 - g) % %43_;3_: ()
-1 -2 2
2
%a(daeL/;zT) = *27'2% - TZ_:% (66)
d%j—@(jT[//dﬂ = —2%gin? 9% —4rsin29;l—:% — 472 SiHQCOSQ%%. (67)
We can now rewrite the Euler-Lagrange equations to give us the accelerations
9 -1
& X <1 - g) <3—j>2 v (1 - ¥>_1 <Z—:>2 +(r—2GM) <%>2 + (r — 2GM)sin? 0 <fl—f>2(69)
% = —%Z—:% +sin€cos€<%>2 (70)
2
% = —%%%7200‘09%%. (71)
We can now compare this to the geodesic equations written in terms of the Christoffel symbols
N )
to find
ri, = % (1 - %)1 (73)
I, = %(1-%) | %( —¥>_1 ro = —(r—2M) he =—(r—2M)sin®0  (74)
rf, = % I'%, = —sinf cosf (75)
Ff¢ = % Fg¢ =cot 6 (76)

Hopefully everyone had the gumption to check look at the answer in the back of the text books before attempting
this.

3b

Now we are supposed to find the Ricci tensor, which amounts to checking that the Schwarzschild geometry is a
solution to Einstein’s equations.
We need the definition of the Riemann curvature tensor elements.

A A
Ry, = 0.7, — 0,1, + I‘ZAFW - FﬁAFW (77)
You might recall that the form of the curvature tensor with all indices lowered is antisymmetric in the first pair of
indices as well as the second pair. Since the metric is diagonal here we can conclude that R, = 0 whenever p = o
or j = v.

In order to find the Ricci tensor we only need to look at terms where p = p since the Ricci tensor is defined as a
trace over the curvature tensor. So we look for terms like RZ . Also recall that the Ricci tensor is symmetric so we
only need to contemplate each possible pair (o, ) once.



Lets look at

Rl,, = 0T, — 8T, + T[T, — T (78)
-1 2 2
oo (M2 eyt em )
72 r r2 r
2M 2M\ !
= (1=
(-2 (50)

Here I've made use of the fact that A is forced to be a single value in the last two terms since there is only one non-zero
Christoffel symbol with a raised ¢ index. Then I've also noticed that T}, = —I'7 .

Now we could consider Rf,W for (u,v) # (t,r) and p # v that is (¢, 6), (¢, 6), (r,0), (r,¢), (0, ). It is possible to see
right away that you need either u or v to be equal to ¢ or 7 or else all terms are zero since T'%, is the only non-zero
Christoffel symbol with a raised ¢ index. This rules out (6, ¢). Going through each of these possibilities one finds that
all these combinations of indices result in situations where every term in the defintion is zero by inspection. Moreover
we only need to consider (¢, 6), (¢, ¢) since these are the only two that could contibute to the curvature tensor.

Next we could consider the entries R, Rj;y, Ry -

Ry = 0Thy — 99Tty + T1xIpg — ThaI'hy (81)
=0-0+TL T} -0 (82)

M
= (83)

By inspection we can see R}, » = 0 while
prw = FZTZ;(# (84)
M
= ——sin?4 (85)
r
So we can move on to values with a raised r index. Starting with
R;'r'y = grrR'I"t?"V = _g”,Rtrru = _gw,gttRim, (86)

From this we can use our results above to find that the only value of v that will give us anything non-zero is v =t so
we find R}, = ¢""gi RL,, and so

oM 2M
Riy= "5 (1 - —) . (87)

Next we can consider values of the form Rj,_,. We can use the fact that Rf_, = 0 and similar index shuffling to
conclude that v # t.
So we can look at

bro = OThg — 0oL + T3y — TpalYy (88)
= 0,49+ 17, Thg — TpeT% (89)
M
_ M 90
- (90)

but we can inspect R, o o see that it is zero.
Moving on to Ry, we can rule out v = t,r by shuffling around the indices on our previous results and so we are
left with

T _ T A r A
” T (b
0,17 + 0, I%, — 7,19, (92)

r

M
— 7 Sin2 0 (93)



8

Now we can consider entries of the form R‘;Qy. It’s easy to see by inspecting the terms that RZ(% =0= R‘;Qr SO we

are left with

Riw - 59F3>¢ - 8¢Fz¢ + FZAFQ/\sqs - FZ;,\F?)\Qs
_ 6 0 1r 6 ¢
= OL'gs +Torlgp —TosTog
2M

= T sin%0
r

Now in fact we can check by looking it up that these are in fact all the non-zero elements of the curvature tensor up
to reshuffling the indices, this despite there being some possible pairs that we haven’t checked yet. We have however

checked all the ones that can possibly contribute to the Ricci scalar.

Now since we haven’t found any terms like Rf , for o # v we know that all the off-diagonal elements of the Ricci

tensor are zero.
Lets look at the diagonal elements one by one.

Ry = Rj,, + Rjp, + Rfm

2M 2M
-3 <1 - T) + gttgggRéte + gttgwabtab

2M 2M 2M Y\ 1 M 2M 1 M .,
= (1-=)-(1-=)=(-=)-(1-"—) ———— (| —=sin?0) =0
73 r r ) r2 r r ) r2sin’6 r

So we are off to a good start.

Ry = Rf‘tr + R?‘Or + Rf@r‘
2M oM\ " i )
=3 (1 - 7) +9rrg" Riyng + 9reg® Ry

oM oM\ ! oM\ "1 [ M oM\t 1 M
- 122 L (122 — | —=)+(1-= -5 | ——sin"0 | =0
73 r r 72 r r 72 sin” 0 T

Again we get zero.

Rpp = R§t9 + Rgr@ + Rg(bg
M M

MM s, pe
. . + 977900 R p04
2M 1 2M

= - 7'2.72—511120:0.
r r2sin“0 r

Finally
Rop = Riyg+ Ry + gy
M M 2M
= — " sin?0— —sin20+ —sin?60 = 0.
r r r

So we have shown explicitly that the Schwarzschild metric satisfies Einstein’s equations for empty space.
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