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Outline

e It is possible to make metallic nano-particles
containing a fized number of electrons and
measure their discrete energy spectrum and
see the effect of the pairing correlations re-
sponsible for bulk superconductivity.

e The pairing correlations are described by
the BCS Hamiltonian in the canonical en-
semble, which is integrable by the algebraic
Bethe ansatz.

e Although the BCS mean-field solution works
extremely well for bulk superconductivity it
is a poor approximation for small particles
with energy level spacing d comparable to
the bulk energy gap A.

e The exact solution is needed!



EXPERIMENTS ON
METALLIC NANO-PARTICLES

Ralph, Black, and Tinkham, Phys. Reuv.
Lett. 74, 3241 (1995).

Grains (or nano-particles) of Al are suffi-
ciently small ( < 10 nm) that one can re-
solve

e the discrete energy spectrum of the electrons

e the addition or removal of a single electron.
[The grains’ charging energy e?/2C (where
C' is the capacitance) is sufficiently large
that the number N of conduction electrons

on the grain is fired. (N ~ 10* — 10°).]
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Magnetic field dependence of energy levels
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Note
e the difference between N odd and even
e the gap due to pairing correlations.

For a review, J. von Delft and D.C. Ralph,
Phys. Rep., 345, 61 (2001).




BCS HAMILTONIAN
Bardeen, Cooper, Schrieffer (1957)

H= ) (¢5—p—oh)ch,cjo
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+ denotes the electron spin.
cj-o is the fermion creation operator for level
J with spin o and energy ¢;.
A 1s the dimensionless coupling constant.
d is the energy level spacing.

—oh = %O',LLBQB is the Zeeman energy of a
spin o electron in a magnetic field B.

Pairing only occurs for the Q = 2wp /d pairs
(~ 150) of electrons within an energy wp of
the Fermi energy, where wp 1s the Debye
frequency.



MEAN-FIELD THEORY

Grand canonical ensemble (variable N)

|BC'S) = 1_[(ut7 + ez¢3vjcj+ c;_)|Vac)
J
with u? + 1132- = 1, where the variational pa-
rameters u; and v; are real.
|BC'S) is not an eigenstate of the fermion

number operator N = ZJJ chja Parti-
cle number is fixed only on the average by

the condition (N)gcs = N, which deter-
mines the chemical potential u.

Avr = AMd Z<Cj+cj_>BCS = \d Z ujvjewﬂ
J J

Gauge symmetry is broken.

A self-consistent solution leads to a pairing

parameter and energy gap

A =wp/sinh(1/X).

Predicts superconductivity disappears at fi-

nite d/A.



The BCS mean-field theory works extremely
well for conventional bulk superconductors.

Energy gap versus temperature

A(T = 0) = 1.76kpT,



CANONICAL ENSEMBLE

N 1is fixed, and so the ground state is an
eigenstate of the fermion number operator,
N, implying

(cjrcj-) =0

Hence, the traditional superconducting or-
der parameter will vanish and gauge sym-
metry is not broken.

What signatures of superconductivity or Cooper
pairing persist?

-energy gap’?

-condensation energy?

-parity dependence of energy gap?

The model is integrable by the Bethe ansatz.



COMPARISON WITH APPROXIMATIONS

e (Condensation energy is the energy of the
ground state relative to the expectation value
of the Hamiltonian in an uncorrelated state.

e Matveev and Larkin’s parity parameter

1
Apt =Byt = (B + By )

where NN 1s even.
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CORRELATION FUNCTIONS

Dij = <C§+CI—Cj+Cj—> - <C§+Cj+><cz—cj—>

We have evaluated this exactly using the
quantum inverse scattering method.

In the bulk limit the canonical pairing pa-
rameter A, given by

can— )‘d 2ZD@J
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reduces to A.

C%(d) = Dj; corresponds to the probability
enhancement for finding a pair of electrons
instead of two uncorrelated electrons in a
single particle level.



Why does superconductivity break down (ac-
cording to the grand canonical ensemble)

when d ~ A 7
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A /d is roughly the number of Cooper pairs
in the system.



Correlations near the Fermi energy
Braun and von Delft

d=0 —— BCS
d=027A — — — exact & PBCS
_ (O--Oexact

S * PBCS

-5 0 5 10 15 20

For d ~ A the projected BCS becomes un-
reliable



SUMMARY

In the canonical ensemble (fixed N) pairing
correlations do persist for arbitrarily large
d/A. i.e., the condensation energy does not
vanish.

There 1s a smooth crossover between two
regimes:

(i) d < A Bulk superconducting regime

* Condensation energy is extensive (o< 1/d).
* Pairing correlations are strongly localised
around the Fermi energy.

(ii)) d > A Fluctuation-dominated regime
* Condensation energy is intensive (inde-
pendent of d).

* Pairing correlations are spread out in en-
ergy.



CONCLUSIONS

e It is possible to make metallic nanoparti-
cles containing a fized number of electrons
and measure their discrete energy spectrum
and see the effect of the pairing correlations
responsible for bulk superconductivity.

e These pairing correlations are described by
the BCS Hamiltonian, which is integrable
by the algebraic Bethe ansatz.

e Although the BCS mean-field solution works
extremely well for bulk superconductivity it
is a poor approximation for small particles
with d > A. The exact solution is needed!

e Important open questions:
* field dependence of the correlations?
* exact solution for d-wave pairing?
* exact solution for finite temperature?
* Josephson coupling between pairs of grains?

e This field presents tremendous opportuni-
ties for the integrable models community!



