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OUTLINE

� Quantum phase transitions in disordered
systems exhibit rich new physics�

� A tractable model to study is the random
transverse �eld Ising chain�

� An exact analytic treatment of critical be

havior in can be given by mapping it onto
a fermion model�

� Supersymmetry and group representation
theory plays a key role in solving the associ

ated random Dirac equation� The transfer
matrix Hamiltonian can be written in terms
of generators of U��j�� �� or U��� ���

� The results obtained agree with those re

cently obtained using a real space renormal

isation group technique�



PHASE TRANSITIONS AND CRITICAL
PHENOMENA IN DISORDER
FREE SYSTEMS

� Phase transitions in classical statistical me

chanics in two dimensions �d � �� are equiv

alent to quantum phase transitions in d � ��

� Exact solutions based on transfer matrix
methods and the Bethe ansatz allow cal

culation of critical exponents for integrable
models�

� Conformal �eld theory allows a complete
classi�cation of all d � � quantum univer

sality classes�

� Scaling� the renormalisation group� and the
� � � � d expansion elucidated universality
and non
integrable models�

All of the above methods make essential use
of translational invariance�

What about models with random parame

ters�



A SIMPLE MODEL
TRANSVERSE ISING SPIN CHAIN

H� � �
LX
i��

�
J�xi �

x
i�� � h�zi

�

where �xi and �zi are Pauli spin operators�
Equivalent to the transfer matrix of the two

dimensional Ising model�
At T � �� there is a transition from a ferro

magnet to a paramagnet at h � J �
This phase transition is driven by quantum
�uctuations�
Pfeuty ��	��� found an exact solution� cal

culating all the correlation functions�
However� in an external longitudinal �eld

H � H� � B
LX
i��

�xi

the model cannot be solved�



THE RANDOM TRANSVERSE
FIELD ISING CHAIN

H � �
LX
i��

�
Ji�

x
i �

x
i�� � hi�

z
i

�

� Ji and hi are independent random vari

ables�

� Equivalent to the transfer matrix of the
two
dimensional McCoy
Wu model�

� Transition from a ferromagnetic to a para

magnetic phase at hlnhii � hln Jii�
� D�S� Fisher ��		�� used a real space renor

malisation group decimation technique� which
he claims is exact near the critical point� He
calculated the phase diagram� critical ex

ponents� and scaling functions for the mag

netisation and correlation functions� includ�
ing in an external longitudinal �eld�



� This extraordinary achievement is possi

ble because the low
energy physics is con

trolled by a strong disorder �xed point�

� Fisher�s technique has now been applied
to random dimerised and anisotropic S � �

�

Heisenberg AFM� S � � Heisenberg AFM�
quantum Potts chains� and chains with ran

dom spin size� The Potts models have the
same critical exponents as the transverse
Ising model�

exponent de�nition pure disorder
� � � ���� �� n�a�
� h�xi i � �� ��� �� �
	 
av � ��� � �
� h�xr�x� i � r��� ��� �� �

�� � ��

� � �� �
p

���� is the golden mean�

� Fisher�s results have been con�rmed by
numerical calculations �Young and Rieger��



HIGHER DIMENSIONS

Pich et al� �PRL ��� �	�
 ��		��� studied
the d � � model using Monte Carlo�
Motrunich et al� �PRB ��� ��
� �������
used real
space renormalisation to map the
d � �� � model with strong disorder onto a
novel percolation�aggregation process�

Both found that similar physics is exhibited
to d � ��
z is non
universal and diverges at the criti

cal point�
There are large di�erences between average
and typical correlation functions�



AN EXACT APPROACH FOR d � �

H � �
LX
i��

�
Ji�

x
i �

x
i�� � hi�

z
i

�

A Jordan
Wigner transformation maps spins
onto spinless fermions

cn � ��n exp�i�

n��X
m��

��m�
�
m�

where ��m � �

�
��xm � i�ym�

H � �
LX
i��

�
Ji�c

y
i ci�� � cyi��ci�

�Ji�c
y
i c

y
i�� � cici��� � hi��c

y
i ci � ��

�

This is quadratic in the fermion operators
and can be diagonalised by a Bogoliubov
transformation� The eigenstates will be non

interacting fermions�



The continuum limit �relative to the Fermi
wave vector kF � is Dirac
type equation

H �

Z
dx�y

�
ivF��





x
� V �x���

�
�

��x � n�y � �cyn� cn� and vF � J is the
Fermi velocity�
V �x� is a random potential with

hV �x�i � � hV �x�V �x��i � ���x� x��

� � hhii�J � measures deviation from crit

icality� For no disorder j�j is the energy
gap�
� � h�hi � hhii��i
The energy D � ��vF is a measure of the
disorder�
� � j�j

D is a dimensionless measure of the
deviation from criticality�

The continuum limit is valid provided J �
j�j�p��



EXACT DENSITY OF STATES
FROM SUPERSYMMETRY METHOD

Example� Schr�odinger equation �Bohr and
Efetov� �	���

H� �

�
� 
�


x�
� V �x�

�
��x� � E��x�

where V �x� is a random �white
noise� po

tential with

hV �x�i � � hV �x�V �y�i � D��x� y��

The disorder averaged density of states ��E�
is related to the one
particle Greens func

tion

��E� � ImhG�E� x�i � Imh�xj �

H �E
jx�i

Set a � H �E � i�� If � is a fermion �anti

commuting� �eldZ

d�d�� �i�k exp����a�� � det�a��a���ik



Z
d�d�� exp����a�� � det�a�

If S is a boson �eldZ
dSdS� exp��S�aS� � det�a���

Let �y � ��� S� be a supersymmetric �eld�
Then Z

�D�� exp����a�� � �

G�E� x� � i

Z
�D����x���x� exp

�
�i
Z

dxL

	

with �D�� � dSdS�d�d�� and the Lagrangian

L � �y�E � i�� V �x��� � d�y

dx

d�

dx

The disorder average is

hG�E� x�i �

Z
dV �x�G�E� x� exp

���

D

Z
dxV �x��

	



The Lagrangian then becomes

L � �y�E � i���� d�y

dx

d�

dx
� iD

�
�y�

��

This one
dimensional supersymmetric �eld
theory can be solved exactly by a transfer

matrix method which maps it onto a Schr�odinger

type equation �in superspace� which can be
solved analytically� �cf� Feymann�s path in

tegral � quantum mechanics��



SUPERSYMMETRY AND
THE RANDOM DIRAC EQUATION

Balents and Fisher� PRB ��� ��	�� ��		���
Bocquet� Nucl� Phys� B ���� 
�� ��			��

The transfer Hamiltonian is written in terms
of generators of the superalgebra u��j�� ��

H � EZz � �Zx � �Z�x

and acts on an in�nite dimensional repre

sentation of U��� ���
There are left and right ground states�

Hj� �R� � � �jLH � �

The disorder
averaged Greens function is

� G�E� ��� �jL Sz j� �R

where Sz is the fermionic part of Zz�



DYNAMICAL CRITICAL EXPONENT z

Time � �

Energy
� �Length�z

For the pure transverse Ising chain� z � ��
For low energies� the density of states

h��E�i � �

Length

�

Energy
� E��z��

Therefore�

z �
�

��

Note�
�i� z is not universal
�ii� z diverges at the critical point�
The results obtained for z and the low
temperature
thermodynamic properties agree with results
from the real space renormalisation deci

mation technique� supporting Fisher�s claim
that it is exact�



THE CHALLENGES

� Is a complete classi�cation of random quan

tum universality classes possible� Group
theory will help�

� Evaluate the probability distribution for the
density of states near a quantum critical
point� �We have done this for a quantum
wire cond
mat����
�	���

� Exact evaluation of the magnetisation and
correlation functions� Are the exponents re

lated to the golden mean� This will be di!

cult because these involve non
local fermion
operators�


