L ecture 3

Space components of the 4-velocity

A rocket has velocity v in the reference frame where theroad is at rest

At this moment the observer on

=0 t the rocket reads the sign on the
17 2, road side and gets the “distance”
x =0 X =0 he/she has travelled .

Then the “driver” calculates his/her velocity by dividing the time interval on the clock
attached to the rocket by the distance read from the signs standing along the road.

_ Ax, _ Ax, At, _ v

v = = =

R X O XN
Quite obvioudly, this velocity islarger than v and is not limited by c.
Note that in this case position and time are measured in different frames.
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Transformation of the 3-velocity

4-velocity is transformed according Solve the first 3 equations for v’ to get
to the general rules for 4-vectors:
= y(uy)
vV =y(V,-ulcV,); v =0 o, - u)
A o)
V, =V,;

g =) qo, o y(UWy) JUs
yw)y vy o) pw)

yuyw) - 1
yw) 1-uwy,lc?
can be obtained from the transformation of V,

. . L e The equality
When written using explicit definition of

the 4-velicity, these transformations read

y(") ; = y(u)y(v) Qu, - u); Final result:
Y)W, = y(v) W,; y=_4"u
N Ay 1-uy,/c?
y(") W; = y() Ws; 1
N _ - 1 Uy . 1 U,
W=y le-ules) =SB g B
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Quotient rule

If for any vector A in Minkovski space  A)Y, — AY, = AY, — AY, is invariant
(independent on the choice of the coordinate system), then Y is a vector. Proof:

4 4 4 4
_z plnAmYll_ z pZnAmYZ' - Z pSnAmY’S: + z p4nA1Y4' =-AY, - AY, - AY; + AY,
n=1 n=1 n=1 n=1
for any choice of A. Therefore the following system of equations must be satisfied

- p11Y1' - p21Y2' - p31Y3' + p41Yz{ = _Yl
- p1sz - p22Y2' - p32Y3' * Py 4' = _Yz
- p13Y1'_ p23Y2' - p33Y3' + p43Y4' = _Ya
- p14Y1' - p24Y2' - p34Y3' * Py 4' = Y4

Because det( prm) #0 this system of linear equation for {Y .} has only one solution.

4
But we know that if Yn' = Z panrr1 that is if the {Y,,} is transformed as a vector, then
m=1

the equations are satisfied. Therefore {Y,} must be a vector.




Doppler effect, aberration, and wave
velocity transformations

Fosm(ax—k [H) In an experiment, a recorder (filled box in the Figure) measures

k=wlv. k, =-kcosd oscillating variable F related to a wave propagating with phase
U is the phase velocity of velocity v. This experiment can be described using any reference

the wave frame. The phase of these oscillations (that is wt-kr) should have
the same value in all these frames because its change divided by
21t tells how many maxima have been recorded by the recorder.
This outcome of the experiment should not depend on the choice
of the reference frame. Therefore the following equality holds

at =k x=-ky-kz=at' -kx -k y-kz

w
In other words, — CAt =k AX =k Ay =k Az is invariant.

= _ w
Therefore (see the quotient rule) K = k,—
c

is a 4-wave vector and must be transformed according to the Lorentz transformations

k;ZVEkX_LIzCL)j, k;:ky’ k;:kz, aj:y(w_uka
c C cC C

Note that K (K =0 for EM waves in vacuum
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Doppler effect

From

o w u
—=y|—-=k | and k=wlv; k =-kcosd
Cc c C

onegets | &= y(l+ u COSHj w
v

This is a Doppler frequency shift for any wave. For EM waves in vacuum:

W= y£1+ ucosej w
c

The difference between the non relativistic Doppler shift and relativistic one is the factor
gamma. Because of this factor, the Doppler shift is also present if 8 equals 90 degree.
Transverse Doppler shift has been observed experimentally (spectroscopically) for atoms

in motion.
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Aberration effect

u .
From K =y|K ——Sw|; Kk, =k, and k=wl/u; k =-kcos§, k, =-ksing

one gets the direction of the wave vector in the primed reference frame.
For any wave, the aberration effect (change of the direction of the phase front propagation)

~Lgne
tan@ :& = ky = [ = sind
K u 1 u u
X y(kx—czwj y(—ucose—c2 y cosH+?
For EM waves in vacuum|tan @ = Lﬁ
y(cos@+u/c)
Other useful relations for EM waves in vacuum:
_kl . . u
dng =y -kesnd__ snd — _ CosO+ ¢ [1-ulc. @
k' o 1+Y coso cosf = k,X == | |tns= v
+*e 1+ cos6 2 Ni+uic 2
6 _ sinéd

The first two are easy to derive. To derive the last one, you need the identity tan—=
2 1+cosé
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Wave velocity transformation

KK oo SRHRGRE)
K K isinvariant. Therefore | — | —| — | =|— | —| —
C U C U

where we have used the equality k* = o/ /0?

We substitute the expression for the frequency transformation

2

u u
(wjz ) (wjz : y(1+ucosﬁ)a) ) y(1+ucoseja)
c U c v

2

and solve it for the phase velocity v’
V2 -2 ( c )2 Y= y(v+ucosf)c
y? (v +ucosb)’ \/yz (v+ucos)’ —v? +c?

Ul

1-

y(c+ucosé)c

y?(c+ucosd)’ -c? +c?

=C

. L—
For EM waves in vacuum: U = \/

4-momentum

Definition of 4-momentum

P=mV = y[mv,mc| = v,,U C]

m

In these lectures m is the rest mass of a particle. Note that in some textbooks the
rest mass is labelled as my and y m, is called “relativistic mass”.

Axioms of relativistic mechanics

The 4-momentum is the same before and after collision of n particles z Pn’before = Z Pn’aﬁe,
n n

By splitting into two parts we get

Y y,mo, =constant  and )_J,M, = constant

Relativistic version of Relativistic version of
3-momentum conservation mass conservation

Lectures by Taras Plakhotnik, Email: taras@physics.uq.edu.au




Relativistic 3-momentum and total
energy

From Newton’s physics we know two quantities (one vector and a scalar) which are
conserved in any collision. These quantities are momentum and total energy (kinetic
energy is conserved only in elastic collisions).

Therefore we identify the vector yrnij as relativistic 3-momentum. ymB = ﬁ
2

-- can be identified with relativistic total energy. This value looks like
energy (mass times square of velocity), it is conserved in all collisions, it

3

2 looks nice, and it gives correct value for the kinetic energy in a non
relativistic limit. Note that when the 3-velocity of the particle is zero, its

1l
m

yme

total energy is mc2. Therefore, the kinetic energy K is given by
2

mc 10° 0%
K=——-mc’=mc®| 1+= S +.... |-mc® =
U? 2cC 2
1->
c =
Now the 4-momentum can now be also written as |P = (p, E/ C)

D2 — 2 2 2 -
P=E°/c"—-p Note: For photons E = PC and therefore P? =Q

4-acceleration

Definition of 4-acceleration: A = ((jj\;

- _dV dt

A=——=y—=y—|[0,C 3,0 +y/ay—=c
dt dr dty[”]yz[][vyzy}
dy_d 1 _ vl du

Note: ——=—

dedt(1-07/c?)" ) (1-021¢2)™ dt

Examples and simple resullts:
1. If the length of the 3-velocity is time independent then A = [yzé, 0]

2. If the 3-velocity is zero then A = [yzé, 0]

3. The scalar product of 4-acceleration and 4-velocity of the same patrticle is
always zero. To prove this note that in the reference frame where the 3-
velocity is zero, the 4-velocity is |:0,C
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4-force

]? 7
. d - .éﬁ»
Definition of 4-force: F=—P
dr X
Relation between force [ = i P= d (m\7) dﬂ\/ + mﬂ dﬂv +mA
and acceleration: dr dr dr dr dr

3-force and 4-force IEEiI3 d p dt V(U) F,}di
dr dt dr c dt

Note: p is a relativistic 3-momentum P = ymv and represents first 3 coordinates of I3, ie l:Px' P, Pz:.

3-force is a time derivative of the relativistic 3-momentumf = dp/dt. Multiply it by y to get [F F,.F ]

v is an ordinary 3-velocity ¥ = [dx/dt ,dy/dt ,dz/dt]. Multiply it by y to get [Vx ,Vy,VZ]
A bit confusing, indeed. Useful equalities related to the 4-force are derived below

ﬁ@—d—mcz+nﬁﬂ7—d—mcz On the other hand F [V = y2 —yzfﬁi
dr dr
dm . _ - d if d—mZO then d—E:fﬁi
Therefore EC -y — yzf @ an i dr at
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Transformation of 3-force

. According to the standard Lorentz transformations
Transformation of 4-force u
% f H:y(ﬁ—cﬁj 1dE
v " . r_ = e
F,=F; K=k F= y(U) f y T
u X' u c dt
] X Fz{:y(ﬁ_cﬁj

We express the 4-force components

using the 3-force components and the power: y(v') f, = y(u)(y(u) f, —%y(u) (thi)
vy =y() s y(v)f=y() 1,
NL1E _ 1dE u
)5 =M - Erto) )
After obvious algebra ane gets: | _,_ y(u)y(v) ude) ,._y() 410
fi=—Fr s fl_T p f= ' f fy= ' fy
y(v) ¢t dt y(v) y(v)
dE' _ y(u)y(u)[dE ]
= uf,
d' py(v) Ladt

. o o . . y(v) _ vu
This can be simplified using the identity (see velocity transformations) 0 V(U) 1- o
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Transformation of 3-force (cont)

After simplification:
v v f e 1 ( u dEj The transformations of
1

the 3-force are similar to

— 17, 2 2

) 1-uu/ ¢ c¢® dt )| the transformation of the

u , 1 3-velocity. This is not
— X f,=——F———v f,; | surprising because there
X (u)(1-vuic? i i
Yy 1 is a clear analogy in the
1 expressions for a 4-force
fy= and a 4-velocity.

Two special cases: W E

E_ 1 (dE_uflj Py (U)[f’c(é%ltzﬂ

’ A rest mass preserving force ‘

dt'  1-ou/c?\ dt V=y(v)[v.c
ST | [ U
I fhen 1-vu/c®| ¢

de -
See derivation of — = f [@) on the 4-force page

If f=(f,00),fllv, anddm/dr =0 then f=f,
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Transformation of magnetic and
electrical fields

The Lorentz force can be used to define the electrical and magnetic fields

The Lorentz 3-force reads f = qu xb +qe

Note: The form of this equation depends on the units used. For example, in the
Gaussian units the Lorentz forceis f = qu xb/c+qe

For briefness we set =1

Because VXB =i (U2b3 - Ugbz) +] (U3b1 _U1b3) +k (Ulbz _UZbl)

the components of the 3-force In a primed reference frame
read these components are
— I — ! U — ! U !
fi=ub3-ush, + g fy =usb; —ug, +¢
Kk — )R 7
fo =udy —ub; +e fy=us —ubs + 6

fs=u, —ub +6 f3=uib, —U5b + €




Transformation of magnetic and
electrical fields

We use the velocity transformations

, u-u )

] U3
%

) y(u)(l uullc) y(u)(l uullc)

to express the transformed force in terms of non transformed velocity. For example, for
the first component of the transformed force we get

. U . v L
fl_y(u)(l—zijullcz)be’ y(u)(l—gijullcz)bﬁe'L

On the other hand, we can use general relativistic force transformation for the first
component of the force.

,_ f—uf @/c?
fi=———""-
1-wj/c

Transformation of magnetic and
electrical fields

We substitute the expressions for f in the not primed reference frame and get

2 Note that
f1'=U2b3_U3b2+el_U(QLU1+92U2+%U3)/C _ fb=
2
1-w /e = (vxb) b +elh =
_Uby—ud, +e e /P — e, P -euus/¢? | =el

:b3—e2u/czu _b,+eul/c?
1-uy/c® 2 1-uylc?

Uzt 6

U U

This can be compared to the expression fl' =

y(l— uul/cz)u2 ) y(l—uullcz)u3+ei

derived using the velocity transformations. Such comparison gives the following relations

b = y(bs - eu/c?) b, = y{b, + e/ c?) §=¢




Transformation of magnetic and
electrical fields (summary)

Yoy & = & b, =Dy
| e’y:y(ey—ubz) b;,:y(by+ezu/c2)
— X & =y(e +uby) l&ZA@—%Wﬁ)
The Maxwell equations in vacuum (Sl units) Conversion to Gaussian units
divb =0; curl b =—g4] + gouoa—? be =bg (to/4m)* &g =(47%,) &g
dwé=pﬁ%;cw@:‘%g pa = (47E0) " ps; Eokty =112

stay valid if the Lorentz transformations of space-time are used, the e and b field is changed as
given above, and the current density j and the charge density p are changed as components of

a 4-current density J =g,V = poy[v,¢] = []7,0,0:| where p, is the proper charge density.

One can also introduce an electromagnetic field tensor (a generalization of a 4-vector) and
write the Maxwell equations in a 4-tensor form).

Lorentz force revisited

f,=f, =
f,=1,=
f,=1,20
u=9
v =0
2(1— Fm):o
, This result can be obtained
f, = by direct consideration of
relativistic kinematics (see
1-u?/c® , _ 1 (

Problem 1, Assignment)

7 -=——__ - p
1-0v2/c® 7 N T
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