Lectures 5-6

How does an object appear for an
observer?

Determine the angular velocity observed from the origin of
the reference frame for object shown in the figure. The
observed angular velocity is defined as the rate with which
the observed direction on the object (measured in radians)
changes in time.

The object is located at [x4,y,] at time t; and is located at
[x,,y,] at time t, . However, the observation times for these
two events are different from t; and t, because light wave
takes a certain time to propagate from the object to the
origin. The observation times can be calculated as follows

toy=ti+h/Cc and tor=t+n/cC
The change of the distance from the object to the originis Ar = v (t2 - tl)COS 6 = vAtcosd
The change of the directionis  Ap = VAtSIn 6’/[‘ (the angle increases counter clockwise).

Apy Ag VAtsIn g vsing

Ay At+Ar/c r(l+icos€)m r(l+'écos€)

Note: If we define the observed speed as un=wgr, then this speed can be larger than c.

Therefore Wp =




Big Bang and the red shift

After a Big Bang, many fragments were formed.

These fragments move with different but constant

velocities (we neglect gravitational forces between

’ them) and in different directions. The time is set to
¥ zero at the moment of the Big Bang. The origin of the
reference frame is placed at the Big Bang location.

‘I B 4.\‘ At a later time t the distance of each fragment from
ff*
we are here | |

the origin is proportional to the velocity of the
fragment. Thatis ¥ = ut

We are sitting on one of these fragments (or own galaxy) and observe other

galaxies. Because the other galaxies are moving relative to us, the light

coming from them contains atomic spectra but these spectra are shifted
frequency »'. We also know the frequencies of unsifted spectral lines. Therefore the ratio g =
'lo can be calculated for every object in the visible universe.
Given g and the time passed after the Big Bang, calculate the distance from Earth to that object.
In our reference frame (primed), the distance to the object is proportional to its primed velocity
and the primed time. ¥’ = u't’
This is because in our reference frame the object is moving with constant velocity and its
trajectory starts at the origin of our reference frame (at time zero we were at the Big Bang
location). First we take into account that the observed location of the object does not coincide

with its actual location r’:r(’)+u’At':r':r6+u’~ r(’)/c:ré(1+u’/c)
where At' is the time interval which light needs to cover the distance r'g

Big Bang and the red shift (cont)
u't’

1+u'/c
We can also relate B to the velocity u"

; 10} u’ 1-u'lc
ﬁ::y[l—j: —
' ® c 1+u'/c

'\, i frequenc,:y measured on Earth o - frequency measured on the moving
. AM ‘ u star or in a laboratory on Earth
Note that 0 < £ <1

Therefore the observed distance is I‘é =

we are here

1-u'lc 1-p°
Solve this equation for u’ [,52:M}z[l—ﬂz:u'/C+ﬁzu'/C]:>|:l+ﬁ2C=u’}
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Answer. The observed distance to the objectis Iy = ct




Length of a stick

' A stick is moving with velocity v in a not primed
y y reference frame where the length of the stick is L.
Find the length of the stick in the primed reference
frame (standard configuration).
Consider a point moving with velocity v in the not
X primed reference frame. The equation of motion
for this point is

We transform this equation of motion into the primed reference frame.

’ ! ’ u ’
We substitute the Lorentz relations X = }/[X +ut ]; t= y[t +—5X }
c

into the not primed equation of motion and solve the obtained equation for x’

v-u . Xly
U+ 2
l1-uvl/c l-ulc

This gives the equation of motion in the primed reference frame X'=

For the two ends of the stick we have two equations of motion X; =vt+ X, and

Ly
l1-uwl/c

Using the previously derived

. . L'=x)—x =
transformation to the primed reference frame 2- A

Observed shape of a stick

A B A vertical stick has a height h and moves with a

h horizontal velocity v (see Figure). What will an observer
sitting at the origin of the reference frame see when the
bottom of the stick crosses on the y-axis?

(A1

i When light emitted by the bottom point of the stick crosses
the y-axis, only light emitted by the top of the stick At

X seconds earlier can reach the observer. This light does not

O o come from the vertical direction.

Simple kinematics and geometrical considerations leads to the following relations

At =x, /v )
Xo = |AO|sin @
Substituting the third equality in the second and the second in the first on gets
|AO|=|AO]|sinoc/v
sind =vlc

The stick will appear tilted (therefore the observed will be able actually to see it)




Constant proper acceleration

Problem. At any instance, a particle has a constant acceleration a in a reference frame
where the particle is instantaneously at rest. Calculate the velocity and the position of that

particle in the laboratory reference frame

In the reference frame where the particle is instantaneously at rest A= [a’, 0,0, 0]

v?/c? do ,do ,

In the laboratory reference frame Ax =Yy otV = ]/Ax
(1—02/02) dt dt

. 27.2\32 p . )
We solve this for du/dt to get du(l— vlc ) = a'dt. Integrating both sides, one gets
2 2 -1/2 2 . . 7 1, 2] 2
(1—1) /c ) v = a't. This can be solved for the velocity v = at[1+(at/c) }

. . . i c? 2,12 1 A2\12
Using dx = vdt and integration over time we get the position X = ;(1+t a“/c )

t2a2 /2

1/2
a'sdé 1 dy (1+t2a’2/cz)

0

t
This is how the integrals were J' =— = —
calculated oL+ &fa?ic? 22t g (L+y) a'lc
cosf=2 cosf=2 cos=2 cosf=v/c
]i dé J-° singdg J-C do  cosf[™"c  cosd ’ _wlc
(1-& /02)3/2 cso-0 (1 - COS® 9)3/2 w0 SO SN0y 1-cos?O,,, N1-02/C?

Comparison of two clocks in one
frame to the same clock in other frame
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tc':s =0 4
X" t,=0
C3 C2 " _n
Xeo = 0 X/ tcz =
C3 Cc2 C2 X'
y
X, = Ul
X
Cii., =0 Cln., 0
Xe, =0 Xey = if Xos ut’,

= O, X/CE ==
. . ’ u . . ’ u ’
Analyse Situation Il. Use tcp = 7| Iey —CTXCZ Analyse Situation Ill. Use to; = 7| tes + =2 Xe3
th, =ty /7 and X¢3=-Ut,, toshowthat tc;=tca/y

Resolve the contradiction

and Xc, =Utg; to show that

Because the clocks are synchronized tc3 =1t¢,

one gets in Situation IlI




