99

Chapter 5: Spedral Synthesis

5.1: Requirements of Spedral Synthesis

The amergent spedrum from a portion of the photosphere is the spedfic
intensity at T = 0. Thus, the cdculation of an emergent spedrum (spedral synthesis)

requiresthe (numericd) solution of the radiative transfer equation (equation (3-11) ).

d,
ME=U—SA- (5-1)

Given suitable boundary conditions for this differential equation, and gven the
sourcefunction (7)), the solution is reasonably straightforward.

For the boundary conditions, we can assume that the radiation incident upon
the surface of the sun is negligible, and that at a sufficiently grea depth, the
photosphere and the radiation field are in thermodynamic equilibrium.  The depth
required for thermodynamic equili brium to hold is snall compared to the radius of the
sun, so the plane-paralel radiative transfer equation is entirely suitable.

The variation of the source function with opticd depth is also required. For
LTE cases, we canasume that

S,(2 =B,(2). (5-2)

As the Planck radiation function B, is a function of temperature and wavelength only,
if the variation of temperature with physicd height z in the photosphere is known, the
source function can be found at all points. The source function at all opticd depthsis
required for the solution of the transfer equation, so the opticd depth as a function of
height must also be known. Thisisgiven by equation (3-10):

00

r,(2) :Ip(z’)KA(z')dz'. (5-3)

z

To find the opticd depth, the opaaty must be known.
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To find the opaaty, information on the state of the photosphere and deta for
any relevant atomic transitions are required.  Given this data, it is possble to cdculate
the emergent spectrum from the sun.

Only the LTE plane-paralel case will be mnsidered here. Non-plane-paral e
conditions (due to inhomogeneities) can be treaed as an ensemble of plane-parallel
regions, and are treaed in detail in chapter 8. Cases with significant departures from
LTE areavoidedin thiswork.

5.2: Basic ProceduresFor Plane-Parallel Spedral Synthesis

5.2.1: TheLTE Approximation

The greaest difficulty in spedra synthesis in the general (ie non-LTE) case
will be in determining atomic level populations. The populations will depend on the
radiation field; the radiation field will depend on the level populations. If the radiation
field at some depth in the photosphere is known, and the level populations at this point
are known, this provides the necessary boundary condition for solution of the transfer
eguation. Since ollision rates increase with depth, a some point, a depth must be
reated at which the amosphere isin (approximately) LTE, and at this depth the leve
populations will be given by the Boltzmann distribution. As the opadty also increases
with depth, the radiation field interads with a smaler and smaller region of the
photosphere, until it can also be cnsidered to be in therma equili brium with the
photosphere. Thus, the radiation field will be given by the Planck function.

Unfortunately, if we just proceal to numericdly integrate to determine the
radiation field at neaby points, and use this to find the new populations, small errors
will tend to acamulate and exponentially grow. Suitable doice of an algorithm
cgpable of giving an acarate answer bemmes important. Typicdly, an iterative
tedhnique in which certain level populations are assumed and then adjusted acording

to the radiation fields that are found to be present. The new populations can then be
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used to determine anew radiation field, and so on. Such algorithms and the speed of
their convergenceform alarge part of the literature on spedra synthesis.1
Obvioudly, if the level populations could be known, a priori, the problem

would be much simpler. Thus, the LTE approximation is extremely attradive.

5.2.2: Calculation of Opacities

In the LTE approximation, the level populations and the ionisation belance ae
simply functions of the locd temperature, and therefore the opadty is a function of the
temperature as well, andisindependent of the radiation field.

In general, to find the opaaty, the antributions to the opadty from all sources
of absorption must be addel:

K, = K, (A) + K, (A)+... (5-4)
where k; etc ae the contributions from various proceses. These processs can ke
grouped into line and continuum processs, So

K, =K, *tK,,. (5-5)

Finding the opaaty due to a process involves finding the &sorption cross
sedion for a single @sorber, and using the number of eligible dsorbers per gram to

convert the crosssedion to an opaaty.

1see Crivellari, L., Hubeny, |. and Hummer, D.G. (eds) “Stellar Atmospheres. Beyond Classcal
Models’ NATO AS (Advanced Science Institute) Series, Series C:  Mathematical and Physical
Sciences 341, Kluwer Academic Publishers, Dordrecht (1991) for a number of examples. While
NLTE cases can generaly be avoided for the photosphere, the NLTE cases can be of interest
themselves. NLTE tecniques are also useful for treating radiative transfer in structures such as
spicules, prominences and loops. See Heinzel, P. “Multilevel NLTE Radiative Transfer in Isolated
Atmospheric Structures. Implementation of the MALI-Technique” Astronomy and Astrophysics 299,
pg 563573 (1995 for a discusson of such problems. NLTE calculations generaly involve a
technique known as Accderated Lambda Iteration (ALI).
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5.3: The Continuous Opacity

As dated in chapter 3, the main contribution to the wntinuous opadty is due
to bound-free ad freefree H™ trangitions. Other important contributions are due to
bound-free ad freefree dsorption by atomic hydrogen (due to its high abundance).
Contributions due to the H," moleaule and photoionisation of abundant elements such

as gli con and magnesium area so considered.

5.3.1: H™ lon Opacity

The H™ ion can absorb photons through both bound-free ad freefree
processes, namely
H™ +phaon - H+e" (5-6)
for bound-freetransitions and
H+e +phaon - H+e 5-7
for freefreetrangitions.
The determination of the interadion crosssedions for these two processs is
difficult, but acairate calculationshave beg performed.2

The bound-freeH™ opadty is given in terms of the absorption crosssedion by

N

_ Y
Kow o) = 0 A i (or) (5-8)

where Ny- isthe H™ number density.
The H™ ion population can be found in terms of the neutral hydrogen
population by using Saha’sequation (equation 2-21), giving

N, N, ka 22U, (T)
()

e XK, (5-9)

2See Gdtman, S. “The Bound-Free Absorption Coefficient of the Hydrogen Negative lon” The
Astrophysical Journal 136, pg 935945 (1962 for bound-free absorption and Geltman, S.
“Continuum States of H™ and the FreeFree Absorption Coefficient” The Astrophysical Journal 141,
pg 376394 (1965 for freefreeabsorption.
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Writing thisin terms of the eledron presaure given by
P, = N_KT (5-10)
and combining al of the temperature dependent terms into a single function ¢(T), the

H™ popuationis given by

N, =N,Ro(T) (5-19)
which can be substituted into equation (5-8) to give the bound-freeopadty
— Ny
Kom-(or) = 7 I:3390(-|-)a)m‘(|of) (512
or, correding for stimulated emisson,
N
Kpron =2 Po(Ta - (1-€™). (513

AH™(bf) p

This can be cdculated using the gproximation formulae for ¢(T) and ain--)
given by Gingerich.3 Thes give

5
2

go(e) =04158""%%9 (5-149)
5040 K
where 6 = and
T
ooy = 6.80133<10°+0178708\ + 0164790\
(5-19)

-2.04842x107% 2 +595244x107* X*
where the wavelength A isin thousands of Angstroms, giving the absorption coefficient
per unit eledron presaire in units of 102° cm’dyn™.

The freefree opaaty will depend on the population of disciated H™ ions
(which are neutral hydrogen atoms) and on the population of free dedrons.
Gingerich* gives an approximation formula for the &sorption coefficient per unit
eledron presaure per hydrogen atom, including the wrredion fador for stimulated

emisson

3See pg 17 Harvard-Smithsonian Conference on Stellar Atmospheres “Procealings of the First
Conference’ Smithsonian Astrophysical Observatory Special Report 167, Smithsonian Astrophysical
Observatory, Cambridge (1964).

4In Harvard-Smithsonian Conference on Stellar Atmospheres “Procealings of the First Conference’
Smithsonian Astrophysical Observatory Special Report 167, Smithsonian Astrophysical Observatory,
Cambridge (1964).
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Q. = (5:3666x10° ~11493<1076 +27039x1076?)

+(~32062x107° +11924x 1026 ~59390x10°62) A
+(~4.0192x10™ +7.0355¢ 1070 — 34592x 1076 2) ¥

(5-16)
where the result isin units of 10%° cm‘*dyn™.
Thetotal H™ opadty isthen given by
N, )

Kon(or) = 7 I:39(40(-|-)GAH‘(IM)(1_ e hdm) +a}\H'(ff)) ' (5-17)

The variation of the H™ opadty with wavelength and height within the photosphere is
shown in figure 5-1 below.
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Figure5-1: The H™ Opaadty
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From figure 5-1, it can be seen that H™ opaaty is very much the dominating
contribution to the visible opadty in the photosphere. At 50004, it is only sightly
below the total opadty.

5.3.2: Bound-FreeHydrogen Opacity

The quantum number n of a bound hydrogen energy state is given hy the

Rydberg equation
E
E,= —n—§ (5-18)

where E; is the Rydberg energy, or Bohr energy, (E. = 13.6 eV =109 677cm* for
hydrogen) and E, isthe erergy of the state, with theionisation erergy taken to be zero.
In a smilar manner, an imaginary quantum number ik can be defined for

continuum states where

E =amvi="73" (5-19)
The wavelength for a photoionisation event is then

hc 1 1

7 = ER 2 +F (5-20)

The problem can then be treded identicaly to bound-bound transitions in
hydrogen (seesedion A.2.1 in appendix A for the bound-bound oscill ator strength for
hydrogen). The oscillator strength of the transition can be found by substituting the
imaginary quantum number ik into equation (A-10) (the equation for the bound-bound
oscill ator strength) giving

32 g ke

A(n ik)|

"l e

where A(n,iKk) is the same function as given in equation (A-15). This oscill ator strength

(5-21)

fnk =

can then be written in terms of an appropriate Gaunt fador g, as

32 1m 11
o :F\/ﬁWE?JFFﬁ 9:(n.k) (5-22)

where
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A(niK)
/kz +n2 (1_ e—2nk) )
The total absorption crosssedion for a transition in terms of the f-value is then

given by equation (3-41)

g” — n\/:_gkne%ktan'l(n/k) (5_23)

TBZ

Gnk = @ fnk' (5'24)
In a smal wavelength interval dA, there must be dk continuum states. The total

absorption crosssedion for an atom in state n at awavelength A must be
an}\ = Gnk Y (5-25)

if the wavelength interval dA is snall enough so that o, can be mnsidered as constant

over theinterval.> The dengty of continuum statescan kefound from equation (5-20)

de_ —th3 5-26
dA ~ 2E X (5-26)
giving an absorption crosssedion of
, T 32 1 E%*iﬁa (nk)}\_z hek®
" mec 33k h? k2 Gl 2E N
_m® 32 1 Ohe D‘Bg (1] hk?
- 51,3 I !
m.c 3r1+/3 n°k EERAH 2E, (527

— 16 eZER gn(n’k)Aa
3\/:_3mehzcz n°

= 10435¢1072 W}P.

The longest wavelength that can be dsorbed in a bound-free processis that with the
energy neeaded to read the lowest energy continuum state (k = «). This wavelength
can be found from equation (5-20) to be

_ hn?
A= ELC’

(5-29)

5The factor of A%c in equation (5-25) results from the use of unit wavelength intervalsinstead of unit

frequency intervals. In particular, in frequency terms, we would have a, =0, E As opacities

are the fraction of a beam passng through the material that is removed from the beam, opacities must
be identical in both frequerncy and wavelength formulations.
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The bound free opaaty at any wavelength can be found by adding the cntributions
due to all levels for which the wavelength is dhorter than this cut-off wavelength. The

lowest level from which bound-freeabsorption will occuris then

EA
n, = /RTC, (5-29)

The opadty due to alevel n will be given by the dsorption crosssedion for this level

and the population per unit massof hydrogen atomsin this state, so

Nn
K, =0, o (5-30
In LTE, the population for alevel nisgiven by equation (2-16)
_y e
No=Ne ")
2n%e /KT (53D
=N
The total hydrogen bound-freeopadty will then be given by
2N = /g (n,A
Kuen = 7y X10435¢1072 X z# (5-32)

pU(T) & n
where g,(n,A) is smply gi(n,k) with k given by equation (5-20). In pradice the sum
cannot be cdculated to n = o, but, since the photosphere of the sun is aufficiently cool
so that most of the hydrogen is in the ground state, the highest states contribute very
little so the sum of the lower bound states will give very nealy the same resullt.
Alternately, the highest levels can be assumed to effedively form a @ntinuum, and the
sum can betreaed as an integral for these highest states (usually assuming g, to be 1).

A convenient approximation formulafor g, is given by MihalasS:

g,(n,x)=a,+ax+ax’*+ax +a_x +a x> +a x> (533
1 a’O al a2 a3 1 2 3

1
where x= }, where A isin microns. Table 5-1 below lists the constants a, for the first

ten levels.

6Pg 187 in Mihalas, D. “Statistical-Equilibrium Model Atmospheres for Early-Type Stars. |.
Hydrogen Continua” The Astrophysical Journal 149, pg 169190(1967).
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Table 5-1: Cosfficientsin the Approximation Formua

for the Bound-FreeGaunt Fador’

2o

ay

o

&

1.2302628

-2.9094219% 10°

7.3993579x 10°

-8.7356966x 10°

1.1595421

-2.0735860x 10°

2.7033384x 10°

1.1450949

-1.9366592x 10°

2.3572356x 10°

1.1306695

-1.3482273x 10°

-4.6949424x 10°

2.3548636x10°

1.1190904

-1.0401085% 10°

-6.9943488x 10°

2.8496742x10°

1.1168376

-8.9466573x 10*

-8.8393113x 10°

3.4696768x10°

1.1128632

-7.4833260x 10*

-1.0244504x 10°

3.8595771x10°

1.1093137

-6.2619148x 10*

-1.1342068x 10°

4.1477731x10°

QO[NP [W|IN|F]|S

11078717

-5.4837392x 10*

-1.2157943x 10°

4.3796716x10°

[
o

1.1052734

-4.4341570x 10*

-1.3235905% 10°

4.7003140x10°

ai

a

as

-5.5759888

1.2803223x 10

-1.2709045

2.1325684

-2.0244141

-0.55936432

0.52461924

-0.23387146

-0.31190730

0.19683564

-5.4418565x 107

-0.16051018

5.5545091x 102

-8.9182854x 10°

-0.13075417

4.1921183% 10°

-5.5303574x 10°

-9.5441161x 107

2.335(B12x 102

-2.2752881x 10°

-7.1010560% 107

1.3298411x 107

-9.7200274x 10*

OO(N|O|ORA[W|IN|(F]S

-5.6046560x 107

8.5139736x 10°

-4.9576163x 10*

[
o

-4.7326370x 107

6.1516856x 10°

-2.9467046x 10*

This gives the gaunt fadors to a good degree of acarracgy for wavelengths down to
about 50 A, and is computationally much simpler than diredly cdculating them.
Figure 5-2 showsthe hydrogen bound-freeopaaty.

"This table is from pg 187 Mihalas, D. “Statistical-Equili brium Model Atmospheres for Early-Type
Stars. I. Hydrogen Continua” The Astrophysical Journal 149 pg 169190 (1967).
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2 Bound-Free Hydrogen Opacity at T = 5000°K Bound-Free Hydrogen Opacity at 5000A
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Figure 5-2: Hydrogen Bound-FreeOpaaty

5.3.3: FreeFreeHydrogen Opacity

The freefree opadty can be found in a smilar manner. Both the initial and
fina states can be described by imaginary quantum numbers as defined by equation (5-

19), so for atrangition from a continuum state ik to il,

hc 1 1
7 = ER > —F (5—34)

The oscillator strength for the transition can then be written in a form smilar to
eguation (5-22),

64 1 1M 1@‘3
fk|_3ﬂ\/§gk kalaﬁz |2 gm(k’l) (5-39

where g. is the multiplicity of the state ik as given in equation (2-19) which can be

written in terms of k as

3
16V2m(mE,)?
gk = Neh3k4 (5-36)
The absorption crosssedion for asingle absorber is then
2 K,
a, =10435410° % ps (5-37)
k

which issamilar to thebound-freecrosssedion given in equation (5-27).
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As the dedrons have a Maxwellian velocity distribution, the population of
absorbers per unit massfrom a narrow band of states dk at a wavelength of A is given
by equation (2-17) as

NN, ge S

, 5-38
p P u(T) (>38)
giving atotal hydrogen free-freeopadty of
2N o _—En(1+1/k2)/kT A
Kugy = 7oy X 10435107 }Pje u (k.2) dk (5-39)

pU(T) ! k3
The integral can be redlily done if the Gaunt fador gy (k,A) is replacel by a suitable
thermal average Gaunt fador gy (A,T) giving

—Eg/KT

2N
Kugy = o x10435¢1072 X g, (A, T). (5-40)

pu(T) 2E, /KT
A convenient formulafor gy isgiven by Mihalas®:

g, (x,8) =(1070192+ 3999918%107/6 - 7.862288%10°/6°?)
+(0.26061249 6.462860%102/6 - 61953813 10™/62) /x
+(-057917786-3754234%107/6 —1398347410°/6%) /X
+(034169006- 11852264102/6) /x°

(5-41)

1 5040 K
where xzx,where}\ isin microns, and 6 = T

The freefreehydrogen opaaty is shown infigure 5-3.

8Pg 187 in Mihalas, D. “Statistical-Equilibrium Model Atmospheres for Early-Type Stars. |.
Hydrogen Continua” The Astrophysical Journal 149, pg 169190 (1967). For wavelengths greater

than 10 000A, the following formula (also from Mihalas assbowe) is suitable:

g, =(10823+002986) +(00067+001126) /x. (5-41B)
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Hydrogen Free-Free Opacity at 5000 A

Hydrogen Free-Free Opacity at T = 5000°K
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Figure 5-3: Hydrogen Free-Free Opadty

The total opadty due to atomic hydrogen can reaily be found by using
equations (5-32) and (5-40), so

2N,, 2 334~ Eq/KT < e(ER_Xn)/kTgn(naA) g|||(Aa |)[
_— R +
K, = (T x10435<10“X’e D:Em 7 K O

DOO (ER_Xn)/kT D
= & ><l0435><10‘2}\3e‘ER/kTDz € 3gn (n’A) + Qi (A’T)
p E=y n 2B, /KT [

(5-42
where Ny is the number density of atomic hydrogen in the ground state. As dimulated
emisson has not yet been acounted for, the usual corredion for stimulated emisson

must still be made, so the opadty will be

N
K, = 70 x10435x 1072 N'e 5/ (1~ g "9KT)

- 5-43
J5d e () a1 =
K= n’ 2E. /KT
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Hydrogen Opacity at T = 5000°K

Hydrogen Opacity at 5000 A
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Figure 5-4: Hydrogen Opadty

5.3.4: H," Moleaule Opacity

The H," moleaule is a reasonably important absorber in the solar photosphere.
Like dl complex absorbers, the cdculation of the dsorption crosssedion is rather
more difficult than for atomic hydrogen. Crosssedions for H," have been caculated®,
S0 these results can be used, with intermediate values being interpolated.’® The H,"

opadty is shown in figure 5-5.

9For example, by Bates in Bates, D.R. “Absorption of Radiation by an Atmosphere of H, H* and H," -
Semi-Clasdca Treatment” Monthly Notices of the Royal Astronomical Society 112, pg 4644 (1952
and by Buckingham et al. in Buckingham, R.A., Reid, S. and Spence, R. “Continuous Absorption by
the Hydrogen Moleallar lon” Monthly Notices of the Royal Astronomical Society 112, pg 382386
(1952.

10A convenient tabulation is that given by Matsushimain Harvard-Smithsonian Conferenceon Stell ar
Atmospheres “Procealings of the First Conference’ Smithsonian Astrophysical Observatory Special
Report 167, Smithsonian Astrophysical Observatory, Cambridge (1964).
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Ha* Opacity at T = 5000°K

H2+ Opacity at 5000 A
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Figure 5-5: H," Opadty

5.3.5: Opacity Dueto Heavier Elements

As their abundances are much lower than hydrogen, heavier elements make
correspondingly smaller contributions to the total opadty. Most heavy elements have
lower ionisation energies than hydrogen, so photoionisation of such elements can be
important at wavelengths short enough to ionise such elements but long enough so that
hydrogen photoionisation is negligible. Freefree processes will aso contribute to the
total opadty. Calculations for such processes cannot be performed exadly as heavy
atoms are excesgvely complex systems.

Approximate solutions can be obtained by using suitable gproximate wave
functions for the aomic system. The catulations can then te donein a manrer amilar
to that for hydrogen. Only the most abundant atomic spedes neal be considered, and
then only those that make an appredable contribution to the total opadty need to be
taken into acount. Calculations in reasonable agreement with experimental results
were made by Pead for a number of important elements (C, N, O, Mg, Mg I, Si, Cl

and Ca ll).11 The opadties due to magnesium and silicon (the most important of the

11peach, G. “Total Continuous Absorption Coefficients for Complex Atoms” Memoirs of the Royal
Astronomical Society 71, pg 2945 (1967).
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heary elements contributing to the wntinuous opadty of the solar photosphere in the

visible spedrum) are shown in figures 5-6 and 5-7.
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Figure5-7: S Opadty
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5.3.6: Other Saurcesof Opacity

Other sources of opadty do not need to be considered for the visible region of
the solar spedrum. Solar photospheric scatering was $own to be negligible in
chapter 3 (seetable 3-1 and table 3-2) but might nead to be cnsidered for other stars,
or for other regions of the solar spedrum.

Due to its abundance, helium can be important in some stars, but becaise the
lowest excited state of helium has a high excitation energy (19.72 €V), helium opaaty
at visible wavelengths will be significant only for hot stars.12 If the star is hot enough,
ionised helium can aso contribute to the opaaty. For codl stars, the negative helium
ion He can contribute to the freefreeopadty. None of these processes are important
in the solar photosphere.13

The most important contributions to the wntinuous opaaty of the photosphere
are shown in figure 5-8. It can te realily seen that the major contribution is due to the
H" ion, with other sources of opadty only being important deep in the photosphere, or

in the ultraviolet spedrum.
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Figure 5-8: Contributions to Continuous Opadty

12Helium can dominate the opacity in some stars where the heli um abundanceis extremely high (such
aswhen it iscomparable to the hydrogen abundance).

13seeMihalas, D. “Stellar Atmospheres’ Freaman, San Francisco (1970 pg 126123 for a discusson
of helium opacity.
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5.4: Line Opacities

Calculation of line opaaties involves finding the opadties at all wavelengths of
interest for all lines in the spedral region being cdculated. The opaaty due to a
spedral lineisgiven by equation (3-46)

N 782 @M/ AKT

T rTchf u(T)

This expresson consists of a line strength dependent on the transition oscill ator

(1-e™) (2. (5-44)

strength and the population of the lower level of the transition, a @rredion for
stimulated emisson (where stimulated emisgon is treded as negative asorption), and
the line profile function. The level population and stimulated emisson corredion
fador given here ae only valid in LTE, but a smilar formulation would be used in
NLTE cases.

The wrredion fador for stimulated emisson is the smplest to ded with; it is
dependent only on the wavelength (effedively constant aadossthe antire spedral line)
and the locd temperature. The line strength and the line profile function present more

difficulty.

5.4.1: TheLine Strength

The line strength depends on the population of the lower level of the transition

and the oscill ator strength. In LTE, the level population is given by equation (2-16)

—E; /KT

ge
u(T)

where N is the number density of the @om in the @rred ionisation state. Thefradion

N, =N

(5-45)

of the total population of the @aom in thisionisation state can be found by using Saha's
eguation (equation (2-21)).

The cdculation of the partition function U(T) can be difficult. If vduesfor the
partition function are known at some temperatures, intermediate values can ke found
by interpolation, or a suitable gproximation formula for the partition function can be
used.
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The multiplicity of the state g is usualy combined with the oscill ator strength
asagf-value. Accurate catulation of the gf-value is, in general, not feasible & part of
a spedral synthesis process4, so it is necessary to use gf-values from other sources.
Although some gf-values can be cdculated to reasonable degreeof acaracy, for most
trangitions, it will be necessary to use more acarate experimental results.

For the purpose of investigating line profiles, if a gf-value is not known
sufficiently acarately, a suitable value can be dhosen so asto give agood fit between
the observed and cdculated spedra. If this is done, it reduces the information
available from the spedrum (if the gf-value is known, the @undance of the dement in
the photosphere can be determined, or, if both the dundance ad ¢f-value ae well
known, values obtained for other line parameters sich as damping are crrespondingly
more reliable), but this is often unavoidable.

Cdculations, such as those used to fit model atmospheres, that involve large
regions of the spedrum and thus contain many lines require large numbers of gf-
values, although if no lines are examined in detail, data of lower acaracy is sufficient
aslong asthere are no systemnatic errors.

In generdl, thereisanead for more, and more acarrate, gf -values.1®

5.4.2: ThelLineProfile

The line profile function depends on the small-scde velocity fields (seesedions
3.5 and 36) and on the damping of the transition (see Chapter 4. Damping). The
small-scde velocity field consists of thermal motions and of small-scade massmotions.
Both must be taken into acwunt.

Thermal motions cause no grea difficulty. The absorber velocity distributionis

Maxwellian (even for NLTE cases)16 so the therma contribution to the line profile

14seeAppendix A for information on the clculability and measurability of gf-values.

15For many transitions, accurate data ae available. Appendix A discusses various ources of gf-
values. Often, however, an accurate value is not available for a particular transition, necesstating
either using lessacaurate data or experimentally obtaining a gf-value for the transition. SeeAppendix

B: An Automated Spedrometr for adiscussonof an experiment to measure gf -val ues.
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function is to give aVoigt profile insteal of the stationary atom Lorentz profile. The
Voigt profileis given by equation (3-71)
¢ (M) =U(av)

as e~

== [—5——d 5-46
g_[(v-x>2+a2 X (5-46)
7T

= L H (a, v)
Jr
where v is the number of Doppler widths that the wavelength is away from the line

centre, and a istheratio of the Lorentzian profile hef-width to the Doppler full-width.

The number of Doppler widths from line centre v is given by

A-A

V= A (5-47)
where AA, isthe Doppler half-width, given by
A [2KT
= —. 5-48
My =y (5-48)
Theratio of the Lorentzian profile width to the Doppler width aisthen
— AAL
a= 20 (5-49)

As mentioned in sedion 3.5, there ae smple gproximate methods by which
the Voigt function can be cdculated for large v and a. For the cae where a is small
(of grea interest for photospheric lines as the Lorentzian profile width is usually quite
small compared to the Doppler width), the Voigt function can be replaced by a power

seriesin terms of a such as;

00

H(a,v)= > H,(v)a". (5-50)
n=0
The codfficients H, arel’
H,(v) = = Ie‘xz/“x” cosvx dXx. (5-51)
mnly

181n the photosphere. For other cases where alli sions become rare, such as nebulae, or the crona,
thiswill not bethe @ase.
17See Mihalas, D. “Stellar Atmospheres’, Freaman (1970 for the details of the derivation of this

series.
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The values of the first few coefficients are shown in table 5-2, with the odd coefficient
interms of Q(v), where
Qlv) =1-2vF(v) (5-52)

where Dawson’sfunction F(v) is defined by

F(v)=e™ [edt. (5-53)
0

Table 5-2: Cosfficientsin Voigt Function Power Series

- )
0 e
- =2
ﬁQ(V)
2 (1-2v)e
3 _2 1 2,2
ﬁ(_a +(1-2v )Q(V))
4 (3-2v% +4v')e”
=2
°| Eldrsveli-sveiviau)

Provided a is sufficiently small (say, lessthan 0.6), these aefficients can be used to
reaily cdculate the Voigt function, given a suitable method to cdculate Dawson's
function. Dawson’s function can be approximatey foundby numericdly integration at
suitable points, and then either interpolating from these values or using them to
construct a piecevise polynomial fit to Dawson’'s function. Dawson's function

approximated as a ninth-order polynomial (in v, v, and v is shown in table 5-3.
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Table 5-3: Polynomid Fit to Dawson’s Function 18

av | (V),0<v<l | w,1<v<2 | (V) 2<v<5
ao 1.00000 -0.22320 0.50020
a -0.66666 1.5540 0.24180
a 0.26664 -3.7803 0.11409
as -7.6123x 10? 8.4897 22935
ay 1.6834x 107 -10.172 -5.3695x 107
as | -2.9935x 10° 6.8149 6.5782x 10°
as 4.2629x 10* -2.7004 -4.2740% 10°
a; | -4.5898x 10° 0.63121 1.5176x 10°
ag 3.2685x 10° | -8.0278x 102 | -2.8190x 1C°
ag -1.1267x 107 | 4.2446x 10° 2.1578x 10

For large values of a or v, the Voigt function asymptoticdly approades the
Lorentz function. This can be used to dbtain approximation formulae suitable for
rapidly cdculating the Voigt profile. These caes are less important for the caes
examined in this work, as the line profile function becomes very smal a moderate
distances from the line centre (i.e.at large v), and a tends to be quite small.

For cases not covered by these gproximation formulag it is necessary to
numericdly integrate equation (5-46).

An dternative technique is to simply find the Lorentzian damping profile and
the Gaussan Doppler profile, both of which can be found realily, and numericdly find

their convolution, thus obtaining the VVoigt profile.

18Thefitsfor v < 1 and v > 2 are from Ross J.E.R. “Syn - FORTRAN Spedral Synthesis Program for
MS-DOS’ Physics Department, The University of Queendand (19995.
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5.5: Damping

The most important contribution to damping is collisions with neutral hydrogen
(dmost al of which is in the ground state). As an acarate treament is desirable, the
Bruedkner-O’'Mara theory can be used to compute damping constants due to such
collisonst® This involves finding the two damping parameters o and a for eath
trangition. The resultant damping can then be found using equations (4-54) and (4-53).
As down in table 4-5, other contributions to the damping will be significantly smaller.
Accurate results were available only for sp and p-s transtions. Other damping
constants were estimates only, and fitting the observed and computed spedra was
necessry to determine them nmore acaratdy.

Other sources of broadening are much less important. The damping duwe to
eledrons is over an order of magnitude lessthan the damping due to neutral hydrogen
in the regions of the photosphere where spedral lines form. (At Tspo = 1, it is 50
times smaller, and becomeseven lessimportant with increaang height.)

Broadening by collisons with reutral helium are dso much less important.
Due to the higher massand consequent lower velocity of helium atoms, along with the
smaler eledric fields (due to the more symmetric distribution of eledrons) associated
with helium atoms, and the lower helium abundance the damping due to helium is
about 30times smaller than that due to hydrogen.

Minor sources of impad broadening, such as ions and other neutral atoms can
be safely negleded, particularly in view of the relatively large uncertainties in the major
contributions to the total damping. Errors in computing the damping of a transition
are likely to be some of the largest errorsin cdculating synthetic spedra.

Under different conditions, such as atmospheres in which the degree of
ionisation is greaer, or in which excited hydrogen atoms are more important, will
require asomewhat different approad, so as to ded with the most important sources

of damping most acairately.

19seeAnsteg S.D. and O’ Mara, B.J. “Width Cross-Sedions for Colli sional Broadening of s-p and p-s
Transitions by Atomic Hydrogen” Monthly Notices of the Royal Astronomical Society 276, pg 859
866(1999. An early version of these results was supgied by J.E. Rossand B. O’ Mara.
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5.6: Vdocity Fidds

Massmotions will affed the line profile function, and are edalily seen tohaw a
major effed as they must be included in order to odbtain even a rough fit between
observed and cdculated spedral linesin most cases. The standard ample treament of
mass motions is to divide them into small-scde motions, caled microturbulence, and
large-scde motions, cdled maaoturbulence To extend this treament generally

requires going beyond a simple plane-parallel analysis.

5.6.1: The Standard Modd - Macro- and Microturbulence

The standard treatment of mass motions is to divide them into microturbulent
motions, which are small compared to the photon mean free path, and in a plane-
paralel atmosphere, are small compared to the dratification, and maaoturbulent
motions, which are large-scde motions.

Maaoturbulence is a Smple extension of a purely plane-paralel atmosphere in
order to take (non-homogeneous) large-scde motions into acount. If we consider
one of a grea number of elements of a plane-paralel aamosphere, ead with a uniform
line-of-sight velocity, the line profile function will not change shape but will merely be
shifted in wavelength by the motion. Such motions will therefore caise broadening of
the emergent spectrum.

This broadening can be found by convoluting the emergent spedrum from a
maaoscopicdly stationary atmosphere with the distribution of Doppler shifts due to
the maaoturbulence  The maaoturbulent motions are @&sumed to have a Gaussan
distribution.

The velocity distribution due to a maaoturbulent velocity = is

1 2 /=2
W(V)dv= ——e /= dv, 5-54
(v) : (5-54)

=TT
which gives a Doppler shift distribution in the vicinity of a spedral line of wavelength
Ao of

W(AA)dAA = \/—e‘w)z/(“o)zdm (5-55)
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where the most probable shift AAq isgiven by

A/\):

The onvolution of this Doppler shift distribution with the maaoscopicdly

A (5-56)
stationary emergent spedrum gives the observed spedarum.

The microturbulence is aso asumed to have a Gaussan distribution. A
Gausgan, or very nealy so, velocity distribution is expeded for small scde turbulence
The Gaussan distribution from microturbulent motions smply increases the width of
the Gaussan Doppler profile dready present due to thermal motions. The new
Doppler width is Smply
_A |2KT

cV m

A/\D + Eturbz (5'57)

where & IS the microturbulence (the most probable line-of-sight microturbulent
velocity). As a purely plane-paralel atmosphere is assumed, the microturbulence is
asumed to be horizontally uniform.

Microturbulence thus ads in a manner smilar to thermal motions. The
microturbulence, unlike the thermal motions, does not depend on the @omic mass of
the &sorber. This gives a way in which they can be distinguished. The
maaoturbulence affeding only the emergent spedrum asawhole, has no effed onthe
equivalent widths of spedra lines, it only serves to broaden the profiles.
Microturbulence, on the other hand, will affed the eguivalent width asit will affed the
line opaaty. This effed on equvalent widths can te quite pronounced for strong lines.
For wed& lines, for which the intensity is dmost independent of wavelength, the dfed
on the equivalent width is much smaller.

This treament has the advantage of being smple, and if an exad fit to the
shape of the spedra line is not necessary, can be quite alequate, such as when
abundances from we&k lines are being found. It fails to provide awy source of

asymmetry, and thus must fall short of redity in at least some respeds.
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5.6.2: The Standard Modd - Common Variants

While microturbulence is frequently assumed to be independent of depth (as a
smplificaion, and to reduce the number of free parameters), depth dependent
microturbulence can ke assumed within the dane-parallel framework.

Maaoturbulence is also occasionaly assumed to be depth dependent, but this
can only be done in a plane-paralel framework by assuming that the entire horizontal
stratum has ©me mean vertica velocity, and that the variation about this verticd
velocity is independent of depth although the mean velocity varies with depth.20 While
this can be a onvenient technique, it cannot acarately model the redity of the

photospheric large-scae motions.

5.6.3: Beyond Macroturbulence

Gaussan maaoturbulence, while a convenient assumption, is not
representative of photospheric mass motions. Large scde mass motions in the
photosphere ae asymmetric and non-Gaussan, so the standard use of maaoturbulerce
must be modified. Photospheric mass motions also vary with depth within the
photosphere, while the simple maaoturbulence theory assumed depth-independent
motions. Modificaions of the treament of maaoturbulence required to better

represent photospheric motions are exploredin greaer depth in chepters 7 and 8.

5.6.4: Granulation and Realistic Microturbulence

While it may be posshbleto trea redistic maaoturbulence as plane-parallel (but
only if the depth dependence of the maaoturbulence is gnall), attempts to trea
microturbulence in a redistic manner violate the plane-paralel formulation, as

observations of granulation clealy show that microturbulence is not horizontally

20seg for example, Stathopoulou, M. and Alissandrakis, C.E. “A Study of the Asymmetry of Fe |
Linesin the Solar Spedrum” Astronomy and Astrophysics 274, pg 555562 (1993.
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uniform. Thus, it will not be possble to exadly cdculate spedra taking granulation
into acount without abandoning the plane-parallel approximation. Some useful results
will be obtainable by assuming a suitable average microturbulence and proceealing as
before, but to adequatdy examine line profilesand the dfead of granulation upn them,
it is necessary to use non-plane-parallel spedra synthesis. The starting point for such
an approadh is gill the plane-parallel case, asthe non-plane-parallel case is most smply
dedt with as a olledion of plane-paralel regions, eat which can be dedt with as
described below.

5.7: Spedral Synthesis

5.7.1: Spedral Synthesis Software

The precaling sedions of this chapter covered the basic principles of spedral
synthesis. This can be used to gain an insight into spedral synthesis; knowing what
goes into such a processcan help one understand what can be obtained from it. It can
also be used as a redpe for developing a spedral synthesis program. LTE spedral
synthesis can be performed quite alequately on modern microcomputers, and there ae
arealy many spedral synthesis programs already written for microcomputers.

The development of such a spedra synthesis program is smply the
implementation of the tedhnique described in this chapter. The heat of a spedral
synthesis program is smply a numericd integration routine, with the opadty
cdculations necessary being supgied to thisroutine.

The radiative transfer equation for the photosphere, with the source function
being a monotonicdly increasing function of opticd depth, is well behaved provided it
is ©lved in a reasonably robust manner. If it is lved in an inappropriate manner,
small errors can grow exponentialy until they destroy any useful results which might

otherwise be obtained. A suitable method isto integrate

00

L,(r=0=]s,(r,)e™™ %drw (5-59)

0
Model atmospheres are generally given as a tabulation of atmospheric parameters at

various opticd depths at a particular wavelength (usualy 50004, but other
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wavelengths such as 40008 are occasionally used). The opticd depths are usually
given with a uniform logarithmic interval, so the amosphere is divided into strata of
constant thickness d(logto), thus determining the points available for the numericd
integration of equation (5-58). As the points 1, for the integration are determined by
the model atmosphere, there is lessvaue in using Gaussan quadrature integration than
if we wuld choose them fredy. Equation (5-58) can only be integrated from the
uppermost layer given in the model atmosphere to the lowest, but as long as any
spedral lines in the spedra region of interest originate in the photosphere, and the
entire photosphere is included in the model atmosphere, contributions from other
portions of the atmosphere will be regligible.

It is generaly convenient to use uniformly spacel wavelength points.
Uniformly spaceal points mean that the wavelength points to use can be the same & all
opticd depths and can be determined beforehand. A non-uniform distribution of
wavelength points could be useful, with a higher density of points being used where
opadties or the intensity change more rapidly, and alower density of points where they
change more dowly. Thus, a large spedra region could be represented by the
minimum number of points needed to convey the information acarately. It would
mean, however, having some knowledge of the opadty and intensity before dhoosing a
final set of wavelength points.

As dlar spedra ae usualy given as functions of wavelength rather than
frequency, if comparisons between observed and cdculated spedra ae desired, it is
convenient to cdculate the anergent spedrum as a function of wavelength (thus the
use of wavelength rather than frequency throughout this work). The spadng of
wavelength points can also be dosen to be the same as the spedra data used, or some

multiple thereof, so asto make comparison easier.
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5.8: Results of Plane-Parallel LTE Spedral Synthess

5.8.1: Useof Plane-Parallel Spedral Synthesis

Plane-paradlel spedral synthesis was caried out for the lines being examined in
this work. This is a reliable tedhnique to chedk the acaracy of transition parameters
and adjust them where necessary. This is likely to prove necessary, as the oscill ator
strengths for many of the lines are not well known, and the acaracgy of the damping
parameters used for the lines sould aso be examined, and the values adjusted if
necessary.

Performing a standard plane-parallel spedral synthesis analysis of the lines
studied also enables the doseness of the best fit obtainable using this method to be
compared quantitatively with the closenessof fit obtainable using a non-plane-paralle
gpedral synthesis method as performed in chapter 8 (see sedion 8.3.5 for such a
comparison).

Much of this involves cdculating a synthetic spedrum, and comparing it to the
observed solar line. New estimates of any required parameters can then be obtained,
and a new spedrum cdculated, and in this way, the fit between the observed and
computed spedra can ke stealily improved. The results of this processare discussed
in detail in sedion 5.8.3.

5.8.2: Quality of Synthesised Profiles

As expeded, the main deviation between the observed and cdculated spedrais
due to the asymmetry of the observed lines (and the symmetry of the synthetic line
profiles). Asthe asymmetry of the line profiles is generaly small, the fits between the
observed and cdculated spedra ae quite good. A seledion of plareparalel synthetic
spedraare shown infigures 5-9, 5-10, 5-11, 5-12and 5-13.
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It is reaily seen that it is impossble to fit both the red and blue wings of the
observed and computed profiles smultaneously. In order to fit the profiles better, a
departure from the plane-paralel atmosphere must be made. Non-plane-parallel
gpedral synthesis is examined in chapter 8. Such calculations, fitting observed profiles
more dosdly, can give better results for determinations of line axd atmospheric
parameters from the observed spedrum. Seesedion 8.3.5 for a mmparison between
the best fits obtainable using the standard plane-paralel tecnique and non-plane-
parallel spedral synthesis.

5.8.3: Determination of Parameters

A limited amount of information can be extraded from the solar spedrum
using plane-paralel spedra synthesis. A number of parameters of both the @omic
trangition giving rise to the asorption line involved and the model atmosphere dfed

the line profile. The strongest effed is that of the @undance of the dement (an
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atmospheric parameter) and the oscill ator strength or f-value of the line on the total
strength of theline. The equivalent width of thelineis strongly aff eded by the produd
of these parameters (or sum if expressed logarithmicdly). A reasonable estimate of
this product can thus be obtained from the equivalent width alone, without remurse to
detailed matching of profiles. The equivalent width is aso affeaed by the broadening
of the line, particularly for strong lines.21 Thus, a result obtained using line profiles
should be more acairatethana method using equivalent widthsalone.

Data on lroadening processes can aso be obtained, but this can be quite
uncertain, particularly in view of the discrepancies between the a¢ual photosphere and
any plane-parallel model thereof.

In view of the large number of lines examined, and the possbility of therefore
determining a number of solar abundances to a reasonable degree of acairacy, even
without particularly acarrate oscillator strengths for many of the lines, the
photospheric éundance of eat element required for ead individual line was found,
rather than adjusting the gf-values of the lines. The mean of these values can then be
found to determine aphotospheric aundance of the gpropriate dements. As a small
number of the lines examined dd not have known oscillator strengths, these were
obtained from such fits. These lines were excluded from theabundance analysis.

A smilar abundance analysis using non-plane-paralel spedra synthesis is

presented in sedion 8.3.6.

21The basic distinction between strong lines and weak lines is that weak lines have equivalent widths
unaffeded by broadening processes, whil e the equivalent widths of strong lines are affeded. Thisisa

function of the degreeof saturation of the line.
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Table 5-4: Photospheric Abundances

Element | Lines | Abundance | Standard Solar Meteoric
Si 2 6.80 7.55+ 005 7.55+0.02
K 1 5.49 512+0.13 5.13+0.03
Ti 15 |5.02+0.12 499+ 002 493+0.02
\% 7 410+ 0.08 4.00+0.02 4.02+0.02
Cr 9 577+0.10 5.67+0.03 5.68+ 0.03

Mn 1 5.48 5.39+0.03 5.53+0.04
Fe 63 |7.62+0.04 7.67+0.03 751+001
Co 5 476+ 0.05 492+ 0.04 491+0.03
Ni 17 |16.30+0.14 6.25+0.04 6.25+0.02
Mo 1 1.94 1.92+0.05 1.96+0.02

The dundances obtained from the lines examined are in good agreament with
the expeded results. The only elements with large deviations are silicon and cobalt.
Only two slicon lines were available, and only five wbalt lines, so errors in the
oscillator strengths will be very important. The dundances of elements for which
more lines were available ae more reliable, and better agreement with accepted values
was obtained. It can also be noted that the éundances of a number of elements
derived from singlelines are dsoin goad agreenent with the accepédvalues.

The iron abundance obtained here deserves closer examination. Photospheric
iron abundances are often found to be much higher than the meteoric iron abundance
Other measurements find the photospheric awundance to be lower (close to the
meteoric dundance).22 It islikely that alarge part of the variation is due to different

treaments of line broadening. The result obtained here is intermediate between the

22See Blackwell, D.E., Lynas-Gray, A.E. and Smith, G. “On the Determination of the Solar Iron
AbundanceUsing Fe | Lines’ Astronomy and Astrophysics 296, pg 217232(1995 and Holweger, H.,
Kock, M. and Bard, A. “On the Determination of the Solar Iron Abundance Using Fe | Lines -
Comments on a Paper by Blackwell et al. and Presentation of New Results for Weak Lines’
Astronomy and Astrophysics 296, pg 233240(1995.
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standard solar and meteoric abundances. The dundance obtained for iron through a
non-plane-parallel analysiswill be of interest in resolving this (seesedion 8.3.6).

As the @undance obtained from a particular line is grongly affeaed by the
oscill ator strength of the line, the erors in the dundances obtained could be reduced
by using more acarate oscillator strengths. This would require ather experimental
measurement of oscillator strengths, or improvements in theoreticd methods. The
determination of oscill ator strengths is discussed in Appendix A, and an experiment to
measure oscill ator strengths is described in Appendix B.

It is also possble, given acarrate photospheric dundances, to determine
oscillator strengths from these @undances. Such determinations can be useful as a
chedk of the acaracy of theoreticd or experimental vaues, or can be used dredly
when examining the spedra of other stars. Determinations of such “astrophysicd” f-
values can be redily found in the literature (a smal number were determined in the
course of this work), but they are of little use when attempting to determine solar

abundances of elements.
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