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Abstract

The Kadowaki-Woods ratio is a ratio involving the electronic contributions
to resistivity and heat capacity, and is seen experimentally to be universal
within some classes of materials. We first derive the Kadowaki-Woods ratio
for a weakly correlated system with a screened Coulomb interaction. We then
use a phenomenological Fermi liquid theory and the analytical properties of
the self energy to derive the Kadowaki-Woods ratio.

We show that the Kadowaki-Woods ratio is not universal. We also show
that it is not renormalised by many-body interactions. In this way we can
understand the apparent ‘universal’ value of the Kadowaki-Woods ratio for
heavy fermion systems, and the different universal value for transition met-
als, as well as its non-universality in layered materials such as organic charge
transfer salts and some transition metal oxides. This implies that the dif-
ferent values of the Kadowaki-Woods ratio are due to the non-interacting
properties rather than to renormalisations.

“Whatever you do will be insignificant, but it is very important
that you do it.”

- Mohandas Gandhi
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List of Frequently Used
Symbols

A . Coefficient of the quadratic (in temperature) part of the resistivity.
Due to electron-electron interactions.
A(e, k) : The spectral density as a function of energy e and wavevector k.
B : A dimensionless constant in the scattering rate.
C : Coefficient of the T° part of the resistivity.
Due to electron-phonon interactions.

D(e) : Density of states at an energy e.

D*(e) : Renormalised density of states at an energy e.
f : Fermi distribution function.
Gr(e, k) : The retarded Greens function (propagator), as a function of energy ¢ and wavevect
kr : Fermi wavevector, corresponding to the highest occupied state.
kr : Approximate Fermi wavevector in quasi-2D.
krr : Thomas-Fermi wavevector, a characteristic inverse screening length.
m° : Unrenormalised electron mass.
m* : Effective quasi-particle mass.
n Number density of electrons.
T. Superconducting critical temperature.
Y Valence of the material (electrons per unit cell).
A Renormalisation factor, given by m/m*
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Cubic coefficient of the resistivity. Due to electron-phonon interactions.
Linear (in temperature) coefficient of the specific heat.

Due to electron-electron interactions.
Fermi energy (energy of the highest occupied state at zero temperature).
Resistivity
Residual resistivity (temperature independent part) due to impurities.
The retarded Self energy of energy w and wavevector k.
Conductivity, inverse resistivity.

Quasiparticle scattering time (mean time between collisions).
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Chapter 1

Strongly Correlated Systems

In this chapter we discuss the properties of strongly correlated systems.
Strongly correlated systems are systems in which there are large many-body
interactions. The physical properties of such systems may be qualitatively
different to those of non-interacting systems. In some systems however, they
behave like a weakly-interacting system, and this can be understood in terms
of Fermi liquid theory

1.1 Fermi Liquid Theory

Fermi liquid theory was developed by Landau in 1956 [1] and has been very
successful in describing a range of fermionic systems. In this theory, orig-
inally developed for weakly interacting liquid 3He (a fermionic isotope of
Helium), the interactions give rise to new fundamental excitations, called
quasi-particles. These quasi-particles are weakly interacting versions of the
fundamental excitations of the non-interacting system. Their properties are
renormalised versions of the original particles properties. Landau’s idea was
that if you adiabatically turn on the interaction in a many-body system, the
eigenstates should evolve smoothly into eigenstates of the interacting sys-
tem. This would mean that there is a one-to-one correspondence between
the non-interacting states and the new interacting eigenstates. Some prop-
erties of the state, such as charge and spin, are unchanged, while others, like
the mass or magnetisation, are renormalised by the interactions. Perhaps
the most common way to understand these new fundamental excitations is
as quasi-particles. The idea of the quasi-particle is that each particle is drag-
ging along (for an attractive interaction) a cloud of other particles, and it
is this central particle plus the cloud that make up the quasi-particle. This
cloud has the effect of shielding the central particle from interactions with



particles outside the cloud. Thus quasi-particles are in general weakly inter-
acting. For a repulsive interaction like the Coloumb interaction, the same
sort of thing occurs, but the cloud surrounding the central particle is a cloud
of holes. In this picture it is easy to imagine that the quasi-particles should
be heavier than a single non-interacting particle. In Landau Fermi liquid the-
ory, interactions are parameterised in terms of symmetric and antisymmetric
Fermi liquid coefficients F*, and F'%, respectively [2]. Particular proper-
ties of the system are enhanced by particular coefficients, for example, the
quasiparticle effective mass m* depends on the zeroth order symmetric pa-
rameter m* = m°(1 4+ F*y) [2] where m? is the non-ineracting mass. This
mass renormalisation comes up very often, and has another notation

1.2 Heavy Fermion Systems

Heavy fermion systems are systems in which strong many-body interactions
lead to a renormalised electron mass orders of magnitude larger than the
bare electron mass. Despite these strong interactions, the Fermi liquid the-
ory quasi-particle picture accurately captures the properties of these materi-
als. This means that the renormalised particles (quasi-particles) are weakly
interacting, so many properties are simply renormalised versions of the free
electron gases properties. For example, they have a heat capacity that is lin-
ear in temperature, a resistivity with a quadratic temperature dependence,
and a magnetic susceptibility that is inversely proportional to temperature
for high temperatures, and constant at low temperatures. While many dif-
ferent systems are classified as heavy fermions, they have some chemistry in
common, as well as a large effective mass. They tend to have two sources of
electrons, one a partially filled conduction band, and the other a source of
f— or d—electrons. These electrons are local magnetic moments, and there
is an antiferromagnetic interaction between them and the conduction band
[3].

The Kondo effect is a minimum of resistivity at a finite temperature. It
is caused by scattering from magnetic impurities [4]. In scattering events
involving a magnetic impurity, the electron interacts with the magnetic im-
purity antiferromagnetically, and they can flip spins [5]. Kondo showed that
this interaction grows logarithmically as 7" — 0. By considering the renor-
malisation group [6] it can be shown that at very low temperatures the large
interaction will actually cause electrons to become bound to the magnetic
impurities. These bound pairs act like non-magnetic scattering potentials.
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Figure 1.1: The RKKY interaction between magnetic moments (large cir-
cles) is mediated by the antiferromagnetic interaction with the conduction
electrons (small arrows). Figure from Coleman [3].

Systems exhibiting the Kondo effect have a characteristic temperature, the
Kondo temperature T, below which the resistivity starts to increase loga-
rithmically, and then leads to antiferromagnetically bound states.

There is a competition between the usual Kondo effect and the mutual
interaction of the magnetic moments, known as the RKKY interaction!. The
RKKY interaction is an antiferromagnetic interaction mediated by the con-
duction electrons, as illustrated in Fig. 1.1.

If the Kondo energy is larger than the energy of the mutual interaction
then the system will be a Fermi liquid, as in the heavy fermions, while if the
mutual interaction of magnetic moments dominates, then the system will be
an antiferromagnetic insulator [3]. In this way we can understand how these
systems can be both strongly renormalised, as seen in their large effective
masses, and still act like Fermi liquids.

1.3 Correlated Oxides

Correlated oxides are oxides that exhibit effects of strong correlations. The
high-T. superconductors are correlated oxides, for example Lay_,Sr,CuQy,
where x measures the doping by strontium. Copper oxide layers are common
to all high-T. superconductors. These are known as cuprates, and they
require some doping to become superconductors. The undoped materials
are antiferromagnetic insulators, despite having a partially filled band [7].
This is due to the strong interactions, and is known as the Mott insulator
phase. Mott insulators occur when the interactions split the bands around
the Fermi energy, resulting in a non-zero excitation energy. These correlated
oxide materials become Fermi liquids as doping increases, and in between
the Fermi liquid region and the antiferromagnetic insulator region they can

!Named for Ruderman, Kittel, Kasuya and Yosida.
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Figure 1.2: General phase diagram for cuprates in temperature and hole dop-
ing, showing the Mott insulator phase at low doping, the Fermi liquid at high
doping, and a superconducting region in between. The pseudo-gap region is
thought by some to be crossover region between the Kondo interaction and
the RKKY interaction [3]. Based on a figure in [9]. This phase diagram is
very similar to that of the organic charge transfer salts, with doping replaced
by pressure.

superconduct [7]. This can be seen in the schematic phase diagram in Fig.
1.2. The non-Fermi liquid phase and pseudo-gap region between the Mott
insulator and Fermi liquid phases is thought by some to be a crossover region
where the Kondo interaction and RKKY interaction are of the same order
of magnitude [3]. The most important point about this phase diagram is its
similarity to that of the organic charge transfer salts, with pressure replacing
doping on the horizontal axis [8].

1.4 Organic Charge Transfer Salts

Organic charge transfer salts are another class of systems with strong electron
correlations. Like the cuprates, these systems tend to have reduced dimen-
sions, i.e. coupled layers or chains. As in the cuprates, the band structure
suggests that they should be metals but they are found to be antiferromag-
netic Mott insulators. In fact, their phase diagrams have many common
features, including a superconducting region and a Fermi liquid region, as
well as the antiferromagnetic Mott insulator phase [8]. An important differ-
ence is that while in the cuprates the axes are doping and temperature, in the
organics the axes are pressure and temperature. The similarities imply that
increasing the pressure on the organic charge transfer salts has the same ef-
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fect as doping, allowing lower energy excitations. While the superconducting
critical temperatures of the organics (around 10K) may not be considered
high on an absolute scale, the ratio of the Fermi temperature and the critical
temperature is Tr /T, ~ 100 in both cuprates and organics.

1.5 The Wilson Ratio

Finding universal ratios in physics is an important probe of our understand-
ing. To motivate our study of the Kadowaki-Woods ratio, we first examine
another ratio which has been useful in developing our understanding of con-
densed matter systems. The Wilson ratio is the ratio of the Fermi-Liquid
enhancements to the magnetic susceptibility at zero temperature y(0) and
the linear specific heat coefficient v, and was predicted by Wilson as a con-
sequence of his Nobel prize winning work on the renormalisation group|6].

The ratio is defined as 0
ne = X0 %
Xo 7
where y( and 7 are the non-interacting values for the magnetic susceptibility
and specific heat, while y and v are the Fermi liquid theory values. The low

temperature expression for y is found to be [10]

X(O) B 14+ F*%
X0 1+ Fayg

where F'y® is the zeroth order anti-symmetric Landau Fermi liquid parameter.
We also know that

*

m
= Yo
m
so the Wilson ratio is [11]
1
Ry — ——
W 1 Fe,

showing dependence on only one of the Landau Fermi liquid parameters.
Fy* has a value of 1 away from ferromagnetic phases, and tends towards —1
in the ferromagnetic phase [12], so the Wilson ratio diverges as the system
approaches a ferromagnetic phases. Thus the non-universality of the Wilson
ratio can be used as indication of proximity to a ferromagnetic phase.
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Chapter 2
The Kadowaki-Woods Ratio

In this chapter we describe the Kadowaki-Woods ratio and its apparent uni-
versality in heavy fermion systems and transition metal compounds. We then
discuss some early theories trying to explain why it is universal, as well as
some more recent work considering dimensions, both of the quantity and of
the material.

The Wiedemann-Franz law and Wilson ratio are two well understood
ratios, but interesting new insights come from investigating the ratios that
are not so well understood. The Kadowaki-Woods ratio, the ratio of elec-
tronic contributions to resistivity and specific heat, fits this description. The
universality of the ratio of the electronic contribution to the temperature
dependence of the resistivity, A,

p=po+ AT?* + CT? (2.1)
and the square of the specific heat coefficient ~,
cy =~T + aT? (2.2)

has been observed in several classes of metals. The 7% term C in p and the
T3 term « in ¢y are phonon contributions (electron-phonon scattering in the
case of the resistivity), and pg is the residual resistivity. The universality of
A/~* was first observed in the transition metals [13], and then later in heavy
fermions, where it became known as the Kadowaki-Woods ratio [14]. The
universality extends over several decades in both the transition metals and
the heavy fermions.



2.1 Resistivity Due To Electron-Electron Scat-
tering

The resistivity has a 72 temperature dependence due to electron-electron
scattering. The reason for this is as follows. The resistivity (as derived in

Section 4.1) is given by
m* 1

p:

]

nezr
where m* is the effective electron mass, n is the number density of electrons,
and 7 is the average time between electron-electron scattering events.

To determine the resistivity, the scattering time must be found. At zero
temperature, two electron scattering involves an electron above the Fermi
energy! scattering with one below. The exclusion principle requires that the
resultant energies be above the Fermi energy (¢r). Conservation of energy
requires that the resultant energies are below the energy of the higher energy
electron (¢1). The energy difference Ae = &7 — ep is proportional to the
number of states between ; and g, with some constant of proportionality
a.? If we choose one of the initial energies £; then there are a/Ae choices
for each of the resultant energies, and so (a/Ag)? combinations of resultant
energies. Once these are picked, there is no choice for the initial energy of
the other electron, within the Fermi sea. [15]

At finite temperature, there will be an additional contribution to the
scattering rate. The width of the partially occupied region of the Fermi dis-
tribution function is proportional to the thermal energy kgT'. As above, this
energy will be proportional to the number of extra electron energy states
available to scatter to and from. Thus the thermal contribution to the scat-
tering rate will depend on (kgT)?.

In 1981 Klipstein et al rejected the idea of the T? resistivity coming
from electron-electron scattering in TiSy [16]. They instead proposed that
electron-phonon scattering was responsible. According to them, electron-
electron scattering cannot explain the observed large pressure dependence of
the resistivity, and that there are no "hole’ states above the Fermi wavevector
for electron-electron scattering to occur in.

Strack et al use this argument in the context of organic superconduc-
tors, saying that since these materials apparently do not follow the predicted
electron-electron scattering behaviour as seen by their deviation from the

IFor the sake of argument let us say that it has been injected into the zero temperature
System.

2The number of states is aAe = f;f Dioles(€)de where Dy o5 is the density of states
for holes, which at zero temperature is a constant above the Fermi energy and zero below.



Kadowaki-Woods ratio, then the dominant 72 mechanism could be electron-
phonon [17]. The quasi- particle enhancements will affect electrons and
phonons differently, meaning that the contributions to the 7% component
of the resistivity will be scaled differently by the interactions. If the dom-
inant low temperature scattering mechanism is electron-phonon, this could
indicate that this is the pairing mechanism responsible for superconductivity.

This model is a modified Sommerfeld model, and as such neglects the
periodic structure of the material. Further, we have assumed that electron-
electron collisions can change the net current, and hence contribute to the
resistivity. Without a lattice, electron-electron scattering conserves momen-
tum and so will not change the net current. In a lattice, electron-electron
scattering does not need to conserve crystal momentum. Momenta higher
than that corresponding to the lattice constant a, k.. = 27/a are mapped
onto momentum inside the first brilluin zone. In this way there can be a
change in crystal momentum (Bloch wavevector) and so a contribution to
the resistivity. These are known as Umklapp scattering processes [15].

2.2 The Kadowaki-Woods Ratio in Transition
Metals

It was observed by Rice in 1968 that the ratio now known as the Kadowaki-
Woods ratio was universal in the elemental transition metals (metals where
the outermost electron shell is a d shell). Rice proposed that electron-electron
scattering as described by Baber [18] explains the universality of A/~ [13].
Baber’s idea was to find the contribution of electron-electron scattering to
the resistivity [18]. By considering a screened Coulomb interaction [19] a
finite contribution to the resistance with a 7?2 dependence is found. This
contribution is dependent on the square of the effective electron mass m*,
and so was expected to be more pronounced in transition metals than in nor-
mal metals. In normal metals the electron-electron scattering contribution
is hundreds or thousands of times smaller than pg, the temperature inde-
pendent contribution to the resistivity (the residual resistivity), and thus is
negligible [15]. At low temperatures its contribution is overwhelmed by po,
while at higher temperatures the electron-phonon contributions dominate. In
transition metals the enhanced electron mass means that this contribution is
measurable, and it was found to agree with theory [18]. Rice proposed that
if the scattering process is electron-electron scattering scattering, A should
depend on 2 [13], because as has been noted previously v/vy = m*/m. The
ratio of these was observed in the transition metals to be universal, with an



experimentally determined value of (A/v?)7ry ~ 4 x 1079 Qm mole?K?J 2.

2.3 The Kadowaki-Woods Ratio in Heavy Fermions

In 1986 Kadowaki and Woods published their observation that the ratio A/~?
is approximately constant in heavy fermion compounds [14]. The previous
year, Sato et al. noticed that this ratio is universal in ‘dense Kondo systems’,
systems like the heavy fermions with many magnetic moments as well as
conduction electrons. They went no further than noting its existence and
saying that the relationship is expected from Fermi liquid theory [20]. This
ratio became known as the Kadowaki-Woods ratio. The term ‘heavy fermion’
refers to the large enhancement of the electron mass, and this is easily noticed
in the enhancement of the specific heat. Since the dependence on the effective
mass cancels in the Kadowaki-Woods ratio, it may be expected that these
systems will follow the same universal behaviour as the transition metals.
This implies that the coefficient of the resistivity could be larger than the
bare value by six orders of magnitude, since mass enhancement factors of
m*/m = 1000 are found in some heavy fermion systems.

Kadowaki and Woods pointed out that while A/v? showed the same sort
of ‘universality’, the value of the ratio was about two orders of magnitude
larger than for transition metals. Since the Kadowaki-Woods ratio is seen
to be universal, and the mass enhancement varies by orders of magnitude,
the mass enhancement must cancel in the ratio. In heavy fermion systems
(A/¥) r ~ 1 x 1077 Qm mole*K2J~2 [14]. This was thought at the time to
be an effect of the large interactions present by definition in heavy fermion
systems [14]. This explains the universality of the ratio in heavy fermion
systems, but does not explain why it takes a different value to that of the
transition metals. The universality of the Kadowaki-Woods ratio indicates
that at low temperatures, the dominant mechanisms of scattering and ther-
mal excitations are the same.

Possibly the first theoretical investigation of the Kadowaki-Woods ratio
(submitted 3 months after the Kadowaki-Woods paper) was by Yamada and
Yosida. They based their work on the periodic Anderson Hamiltonian ap-
plied to heavy fermions, and found the expected relationships between A and
v [21]. They concluded that the lattice is essential for a T resistivity. Ya-
mada and Yosida stress that their results are only qualitative, but claim that
their methodology could be applied to real systems with minimal changes.
Unfortunately they did not address the issue of the difference between the
Kadowaki-Woods ratio in heavy fermions and in transition metals.

Miyake, Matsuura and Varma [22] proposed that the disparity between

10



heavy fermions and transition metals can be explained through the conduc-
tion electrons self-energy. For a momentum independent self energy such as
in a local Fermi liquid theory, the self energy and the mass enhancement are

related by [23]
" 1 limRe (0_2)
me e—0 Oe

where Y is the self energy and ¢ is the energy. In quantum field theory
the self energy of an electron represents the effect of the electron interacting
with its environment on its energy and lifetime [23]. They showed that while
the real part of the derivative determines v as seen above, the imaginary
part of the self energy determines the resistivity coefficient A oc Im(3). The
idea Miyake et al. presented is that differences in the energy dependencies
of 3 lead to the observed differences between transition metals and heavy
fermions. This is because while the mass enhancements due to the energy
dependence of the self energy cancel in the Kadowaki-Woods ratio, there is
a deeper relationship between A and ~ [10]. The real and imaginary parts
of the self energy can be related by the Kramers-Kronig relations, and thus
have a more fundamental relationship rather than just being linked by their
renormalisation. The details of this are discussed in Chapter 6.

Miyake et al. explain the differneces in observed Kadowaki-Woods ratios
by saying it is not universal in general. They claim that in the limit that
the frequency dependence is small, the Kadowaki-Woods ratio takes the value
found in transition metals, while in the limit of a large frequency dependence,
it takes the value found in the heavy fermion systems, and will lie inbetween
these values for intermediate interactions [22]. Fig. 2.1 shows the Kadowaki-
Woods ratio for heavy fermions and transition metals. They further note
that a large residual resistivity can change the value of A/~?2, shifting it from
the universal value, and that intermediate values for the Kadowaki-Woods
ratio are possible for intermediate frequency dependencies. Li et al. [24]
noticed the very strongly renormalised conductivity and hence Kadowaki-
Woods ratio in Nag7;CoQO,, another layered correlated oxide. They suggest
that this "unprecedented magnitude of electron-electron scattering” is due
to either magnetic frustration, where the ground state is degenerate, or the
proximity of a quantum critical point.

While this might explain why the transition metals and heavy fermions
have different values, it does not explain the deviation of the organic su-
perconductors, whose values of Rgy tend to be orders of magnitude above
that of the heavy fermions, whose value is in turn greater than that of the
transition metals. The results presented in Chapter 6 provide another in-
terpretation of the observed non-universality of the Kadowaki-Woods ratio.

11
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Figure 2.1: The Kadowaki-Woods ratio for heavy fermions (upper line) and
transition metals (lower line), from Miyake et al. [22]. They explain the two
‘universal’ values as limiting cases of the interaction strength.
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The derived Kadowaki-Woods ratio contains no renormalised quantities, but
does contain non-interacting properties of the system.

2.4 Rescaling the Kadowaki-Woods Ratio in
Correlated Oxides

A more recent attempt to understand the deviation of many materials from
the two ‘universal’ Kadowaki-Woods ratios came from Hussey. He pointed
out that the traditional way of calculating the ratio was comparing a resis-
tivity in Qm with a heat capacity in J/mol [25]. His idea was to rescale
the coefficient of the heat capacity to put it into S.I. units before trying to
compare it with the coefficient of the resistivity. His idea was to convert ~
to a volume quantity via Avogadro’s number, the unit cell volume, and the
number of charge carriers per unit cell. It is an interesting coincidence that
many of the heavy fermions have similar unit cell volumes, so this was not
an issue earlier [25]. Hussey tried this method on a selection of correlated
oxides, and found that this rescaling helped. He made further corrections by
including the effects of multiple Fermi surfaces and carrier density, and the
results of this rescaling can be seen in Fig. 2.2. Note that layered materi-
als like strontium ruthenate (SroRuQOy) do not fit on the rescaled ‘universal’
Kadowaki-Woods ratio line. As will be seen in Chapter 4, this rescaling is
also not sufficient to explain the deviation of the organic charge transfer salts
from the ‘universal’ values, which is not surprising as they are also layered.
Another recent attempt at explaining the non-universality of the Kadowaki-
Woods ratio was presented recently by Tsujii et al. [26]. While this result
may explain some materials deviation from the heavy fermion value of the
Kadowaki-Woods ratio, it results in a KWR lower than the heavy fermion
value and so is not adequate in describing the deviation of the KWR in
layered strongly correlated systems.

13
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in the lower plot all units have been converted to SI, and the solid lines are the
respective values of the KWR in heavy fermions. Note that layered materials
like strontium ruthenate (SroRuO4) do not lie on the rescaled ‘universal’
Kadowaki-Woods ratio line.
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Chapter 3

The Kadowaki-Woods Ratio in
Organic Superconductors

In this chapter we discuss the Kadowaki-Woods ratio in organic charge trans-
fer salts and other layered materials. The Kadowaki-Woods ratios of organic
charge transfer salts do not seem to have any trend, varying by orders of
magnitude, and all of them above the value for heavy fermions. This has
been taken by some as a sign that electron-electron scattering is not the
dominant scattering mechanism at low temperatures. Weger [27] stated that
in quasi-2D materials, electron-phonon interactions could give rise to a T2
contribution to the resistivity. This contribution would not be effected by in-
teractions in the same way as the electron-electron contribution and so there
is no reason for the Kadowaki-Woods ratio to be a constant in these systems.

3.1 Rescaling The Kadowaki-Woods Ratio in
Organic Superconductors

A striking thing about the Kadowaki-Woods ratio is its dimensions. It has
J

units of %, comparing a molar value [y] = — to a volume quantity
[A] = Sgk%";. ! Hussey noted this in examining correlated oxides [25]. His

entirely sensible idea was to convert v to a volume quantity via Avogadro’s
number, the unit cell volume, and the number of molecules per unit cell. It
is an interesting coincidence that many of the heavy fermions have similar
unit cell volumes, so this was not an issue earlier [25]. This rescaling of v
succeeded in fitting some correlated oxides to the heavy-fermion value of the
Kadowaki-Woods ratio, as seen in Fig. 2.2. In the organics however there

!The notation [z] denotes the units of .
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is a wide range of unit cell volumes, so this effect could explain their broad
range of values for Ry . Fig. 3.1 shows the unscaled Kadowaki-Woods plot
(log A vs log~?) for a selection organic superconductors.

None of the ratios are particularly close to the predicted heavy fermion
value. Fig. 3.2 shows the rescaled Kadowaki-Woods plot for the same materi-
als. The correlated oxides and Rbz Cgq (the only relatively three dimensional
material of the organics included) are close to the predicted value. It turns
out that for the selection of materials given here, the ratio of the unit cell
volume to units per unit cell is approximately constant. This is why the rel-
ative positions are basically unchanged (on the log-log scale) while the bulk
moves along the v axis. The other organics, which are all either quasi-2D
or quasi-1D, are moved further away from the predicted value. This could
indicate that the dimensionality of the systems is significant. It also makes
the hypothesis of Miyake, Matsuura and Varma seem less likely, as they
would expect all Kadowaki-Woods ratios to lie somewhere below the heavy
fermion ratio. Stracks’ prediction of electron-phonon interactions giving a
T? resistivity could still be true.
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Figure 3.1: The Kadowaki-Woods plot for a selection of organic compounds

in the 'usual’ per mole units. The solid line is the ‘universal’ Kadowaki-
Woods ratio in heavy fermions, with a value of Ry ~ 10~"Qm mol? K2J 2.
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Figure 3.2: The Kadowaki-Woods plot for a selection of organic compounds
in SI units, converted via unit cell volume and formula units per unit cell.
The relative positions of the materials are the same as in Fig. 3.1 as for
the selection of materials here the ratio of the unit cell volume to formula
units per unit cell is approximately constant. The solid line corresponds to
the value of the Kadowaki-Woods ratio in heavy fermions in SI units, with a
value of Ry ~ 2 x 1071 K2m5s® C—2kg~1L.
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Chapter 4

The Kadowaki-Woods Ratio in
Weakly Correlated Metals

“Il est facile de voir que...”

- Pierre-Simon Laplace

In this chapter we use a simple model (appropriate for a weakly inter-
acting metal) we calculate the Kadowaki-Woods Ratio in both three- and
quasi-two-dimensional systems. The model is that of a free electron gas with
interacting via a screened Coloumb potential (Thomas-Fermi screening).

4.1 Three Dimensional Materials

Ohms law for a three dimensional simple metal is derived and from this an
expression for the Kadowaki-Woods ratio is found.

Conductivity in Three Dimensions

The first step to calculating the Kadowaki-Woods ratio is the derivation of
the conductivity. To derive the conductivity we imagine applying an electric
field to a metal in the x direction. This produces net current in that direction,
which can be found by summing all the x components of the velocities in the
first Brillouin zone, weighted by the Fermi distribution function f(k) and
doubled to account for spin. The current density j is thus,
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. —2e y
iy [ )1 (a1

where e is the magnitude of the electronic charge and v, (k) the velocity in the
x direction. In the relaxation time approximation!, the Fermi distribution
function is approximated as

J(k) = Jo(k) + £ 7(R)E - Vifo(R) (42)

at low temperatures, where f,(k) is the zero temperature distribution func-
tion, 7(k) the scattering time and E the applied electric field. This is simply
the application of the Boltzmann transport equation [15].

Eq. (4.2) is inserted into Eq. (4.1) giving

i= s [k (8.0 + BT ) 43)

where we have taken F = E,2. The first term in this expression vanishes?
leaving;:

j= (_27253 / dkvx(k)ExL:)g—Z (4.4)

Now, using the chain rule we find the derivative of the distribution function
with respect to the energy ¢

fo _ 0fo 9 0fo

= = 4.
ok, 0z ok, oe (k) (45)
so we can write the current as
—2¢? af.
= kv (k)E 2 4.
= s [ A5 (1.6

and use the fact that the distribution f, is approximately a step function at
the Fermi energy ep near zero temperature (7" < Tg) so % ~ —f(e —ep).
Further, we can expand the integral over k into a surface integral over con-

stant energy surfaces and an integral over k perpendicular to those surfaces.

IThe relaxation time approximation is the approximation that the result of a colli-
sion does not depend on the nonequilibrium distribution function, and that collisions in
equilibrium do not alter the equilibrium [15].

2Physically, we expect no current in the ground state. The Fermi distribution is sym-
metric (f,(k) = fo(—k)), while the velocity (v, (k) = —v,(—k)) is not, so the first term is
anti-symmetric.
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de de

dk = dS.dk, = dS. ds. (4.7)

Vel O hu(k)
Now we can collapse the energy integral leaving only the surface integral
2¢2 de

= —— [ dS.——v (k) E,T(k)d(c — 4.8
i = s [ A g BT — er) (1)

2¢*E, v2(k)
— dS. = k 4.9
i L, 15 )

where the wavevector k is itself a function of the energy k& = k(g). We
approximate the integrand as constant over the Fermi surface, so we can
take its average value outside the integral using

2

vz (k) v(kr)7(kp)
G ®)., = =3 (410

for Fermi surface geometries close to spheres. Using v(kp) = £ k3 = 372p

m* 7

and fszsp dS. = 4nk%, where m* is the effective electron mass, kr the Fermi
wavevector and n the electron density, we find

2
j=E 0 T<€f)n (4.11)
m
arriving at Ohms law (and rewriting 7(ep) as 7),
~ 2
Jj  ne‘T(er)
=L - 7/ 4.12
4 E m* ( )
m*
E=p)= B 4.13
pj= ] (4.13)

Kadowaki-Woods Ratio in Three Dimensions

The Kadowaki-Woods Ratio is the ratio of the electronic contributions to
resistivity A and heat capacity ~.

RKW = 14/"}/2
The resistivity, as shown in Eq. (4.13), is given by

m* 1

p=—=
nezr

so it is clear that the interesting temperature dependence that we are looking
for will arise in 7
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As discussed earlier, the electron electron scattering rate % should have

the following form [15, 18, 28]:

(kpT)?

1 2
- B\vB- )
fPler—ep)’ + hep

(4.14)
Dimensional analysis leads to the coefficient ;— of the temperature depen-
dent term, as this is the only combination of the temperature independent
quantities characteristic of an electron gas (kp, m, k) that leave this expres-
sion with overall dimensions of inverse time. The coefficient B is a dimen-
sionless number whose exact form will be determined later.

Eq. (4.14) can be written as

1 1 1
=+ 4.15
T 1 (T ( )
where + is the zero temperature contribution and
ature Contrlbutlon
Substituting the energy dependent expression into the above expression
for resistivity we find:

B m*<1+ 1 )
p= ne? \r  m(T)

f2m*(€1 — ‘C’:F)Q 4 Bm*(k;BT)2

(T) is the finite temper-

ne2 ne2hep
2Bm*2k‘32
= - 2 4.1
P p(€)+ ﬁ3kp262n ( 6)
Hence
2Bm*?kg?
A= ———. 4.17
h3kp2e2n ( )

We note that this result may seem dubious in that we want a temperature
dependent resistivity yet have used the T" — 0 limit of the distribution func-
tion in obtaining this expression. Really we have taken the limit 7'/TF — 0,
which is certainty true in the region that the T2 resistivity is dominant. Nev-
ertheless, there is a more rigorous derivation of the resistivity is in Chapter
6.

Next we look at the heat capacity’s temperature dependence.

Cy =~T + oT? (4.18)
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The linear term is the electron-electron contribution and so 7 is the term
we are interested in. This term is scaled from the non-interacting term by a
ratio of the effective mass to the free electron mass [15].

*

m* nm2kg*m*
m n h2]{7 F2
This equation for vy comes from the free electron gas expression found in the
Sommerfeld model. Taking the ratio 7% from Eqgs (4.17) & (4.19) we find

7= (4.19)

2
é _ 2 DR (4.20)
~y mte2kp? n?

which is independent of the effective electron mass, but still dependent on

the Fermi wavevector, the electron density, and the dimensionless quantity

B.

Now all that remains is to find the coefficient B in Eq. (4.20). This
is found by considering scattering due to a screened potential, in this case
Thomas-Fermi screening.

Thomas-Fermi screening is one of many theories for describing how the
Coloumb interaction in a many-body system can be screened. It is a semi-
classical theory assuming long wavelength fluctuations to the total potential
[15]. By considering the charge density induced by a charged test particle on
an otherwise uniform background of charges, it is straightforward to find [15]
that the total (screened) potential ¢(r) caused by the perturbing potential is

¢(T) _ gefzhre?%—”:r = ge—szFr (4.21)

r r
where ¢ is the charge of the test particle, n, is the unperturbed charge density,
i is the chemical potential and kg is the Thomas-Fermi wavevector. It is
clear that the Thomas-Fermi wavevector is the inverse of a screening length.
According to Pines, the electron-electron scattering rate is given by [28]

1, o Am kpTH?
— = Unoe =V (—)

— 4.22
T fnk.%F ( )

€F

where o.g is the effective scattering cross section, kpp is the Thomas-Fermi
wavevector and v$ indicates the non-interacting value of the Fermi veloc-
ity. The scattering cross section is found by considering screened (Thomas-
Fermi), isotropic (s-wave) scattering. For T" < T’y the Thomas-Fermi wavevec-
tor is given by [15]

9 me

TF — 6071—27]'2kF (423)
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where ¢, is the permittivity of free space and m? is the unrenormalised elec-
tron mass. In general, for T < Ty we have [15]

62

k7p = e—Do(gF) (4.24)

o

were D,(e%) is the unrenormalised density of states at the unrenormalised
Fermi energy. Putting this into the form of Eq. (4.14), we have

1 dmvgnh (kgT)?

= 4.25
and it is clear that the first part is the coefficient B.
dmvgnh 8mn
B = 2 — 72

krrer krpkr
8mhle,

= k 4.26
3moez (4.26)

Where we have used n = k% /372 and €% /v$% = hkp/2. The expression for B
in Eq. (4.26) can now be inserted into Eq. (4.20), giving a final expression
for the Kadowaki-Woods ratio in terms of universal constants, the effective

electron mass and the inverse of the Fermi wavevector to the sixth power
(Eq. (4.27)).

8rh?e,ky 2R kp?
3mee? mie2kpg? n3
18h3e, 1

= — 4.27
mee*k% kS ( )

\2[0| N

This expression is clearly not universal, with a dependence on the Fermi
wavevector k%, despite the observation that it is universal in some classes
of materials, namely transition metals and heavy fermion systems. It is
reassuring to see that the Kadowaki-Woods ratio as derived for a simple
metal does not depend on the effective mass, as we expected from initial
considerations. If fact, this expression contains no renormalised quantities.

4.2 Quasi-Two Dimensional Materials

Most organic superconductors are not three dimensional. Many are instead
quasi-two dimensional, having planes that the electrons can flow relatively
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freely in and hop between (tight binding model). The nature of this hopping
(coherent or incoherent) is unimportant for this discussion as either leads to
the same expression for conductivity [29].

The electron dispersion relation in a quasi-two-dimensional material is

2

2m*

€= (k2 +k2) — 2t. cos ck, (4.28)

so the velocity is

1 hk, hk, 2ct.
o) = 5 Vi = (T
where c is the interlayer spacing and ¢, is the hopping integral. In this model,
their are two direction for which we would like to know the conductivity.
One is when the current is measured in the direction of the tight binding
(perpendicular to the planes of the free electron gas), and the other is in the
plane of the free electron gas.

sin ckz) . (4.29)

Conductivity in Quasi - Two Dimensions: Perpendicu-
lar to Planes

As in the three dimensional case we begin with the equation for the current,
which can be found by summing all the velocities in the first Brillouin zone,
weighted by the Fermi distribution function. The electric field is being ap-
plied in the z direction, which will referred to as the perpendicular direction
from now on, as it is perpendicular to the planes of the material. The y and
z directions will be referred to as the parallel directions.

. —2e
= o /  w g (4.30)
9(k) = go(k) + £7(K)E - Vigo(k) (431)
. —2e et(k) g,
= G / dk v, (k) <go(/€) + ELT%) (4.32)

The first term goes to zero as before. Using this we write the conductivity
as

oL = (_2333 /dk m(k:)L;)g%. (4.33)

Using the chain rule and approximating the Fermi distribution to a step
function we find
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990 _ 090 0= g,
8]{,]_ N Oe 81@ N Oe
and substituting this into Eq. (4.33) we have

hoy (k) = —hw, (k)o(ep — ), (4.34)

2¢?

o / dkco? (k) (k)3 (e — €). (4.35)

Converting the integral to cylindrical polar coordinates,

o =

dk = d*k = kydkdodk, (4.36)

and performing the angular integral we find

01 = % // k?Hdk”dkLUi(k)T(k‘)5(€F — 8). (437)

We can change the variable of the delta function to k, , giving
26 T
// kydkydk . Z (fﬁ — ' (ky)). (4.38)
) !fw kn
(k)

where we have again assumed that the scattering time is approximately con-
stant over the Fermi surface. The sum over ¢'(k|) is over the zeros of (ep —¢)
at a given value of k||, and is given by

1 k2
q = iz arccos (4%77!* - ;—Z . (4.39)

We can simplify this by writing

26 T v3 (k)
// kydkydk L zk: o (q(( ) (0(ks — q(ky)) + 0 (kL + q(ky)))

(4.40)
where the ¢(kj) are the positive ¢'(ky), ie
1 h2k?
q = - arccos <4t07r|b|* - ;—Z : (4.41)

The two delta functions have equal contributions to vy (g(kj))|, so this can
be rewritten further as

46 T ik
// kydkydk. %: RCCH) (kL — qlky))- (4.42)
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Collapsing the delta functions we have

[ fje 7; /k‘dk‘” Z |’UJ_ k’” (4.43)

q(ky)

remembering that v, is only a function of k£;. The range of the integral
over kj is the whole first brilluin zone. The domain of the arccos function is
(=1 : 1), so using these two limits, we can constrain the integral over k) to
the only region where solutions (zeros) exist, ¢ € [q(k;H) =—1:q(k) = —1—1}.
Physically this means coordinates (ki, kj) that are on the Fermi surface.
Before we do this, however, it will be useful to insert the expression for ¢
into our equation for v .

4et 2ct, h2k’ﬁ B3
oL = —h(27r)2 /kll Tsm (arccos <4tcm o, dk)
27.2 2
JL:@/k P (L T A
h2m2 Il 4tcm* 2t I
We now make a change of variable
k2 — 2epm* A2
8= ”le A8 = 5 hidi (4.44)

such that A )
e Tct m*
g, = HTEM / V- Bdp. (4.45)

We can now investigate the bounds of the integral. ¢(5) = arccos(f)/c, so
we confine 3 € [—1: 1],

4e TCtQTI’L
o, = T / V1 — (32dg. (4.46)

Physically, the values of 3 outside of this range are regions where there are
no solutions to Eq. (4.41), ie there are no states on the Fermi surface with
the corresponding value of k.

Performing the integral we have

1
2 42 — 32 :
S de*tetim* [ B/1 = N arcsin (3 (4.47)
htm? 2 2 )
finally giving
2e%rct*m*
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Kadowaki-Woods Ratio in Quasi - Two Dimensions: Per-
pendicular to Planes

From the result for conductivity in equation Eq. (4.48) and using the previous
result in Eq. (4.14) for 1/7 we can find the Kadowaki-Woods ratio for a quasi-
two dimensional material when the conductivity is measured in the direction
perpendicular to the planes. The coefficient A, given in Eq. (4.49), is found
as previously for the 3D case. The coefficient v is as given in Eq. (4.19).
However the term n in equation Eq. (4.19) is different in the quasi-2D case,
taking the form n = k2% /2mc, where kr is the average of the wavevectors on
the Fermi wavevector.

_ Bkirh®  Bkymh
2e2ct?mrep ce2t2k2

N (4.49)

Thus the Kadowaki-Woods ratio for a quasi-two dimensional material with
conductivity measured perpendicular to the materials planes can be found.

AL ABc )
72 w(etkpkpm®)? '

Lo
Rgw =

Once again the dimensionless parameter B must be found. In the same way
as previously we take Eq. (4.25) but this time use the quasi 2D expressions
for krp and n.

2 _me
TE ™ 9nce, h?
7.2
o Fp
2me

The dimensionless constant B is found to be

8mn

k%F%F

8me,h? -

= T (4.51)

meoe?

B =

where m? is once again the unrenormalised electron mass. Inserting this ex-
pression into Eq. (4.50) we find that the Kadowaki-Woods ratio measured in
the direction perpendicular to the planes of a quasi-two dimensional material
is dependent on the materials interlayer spacing and hopping amplitude, as
well as the effective electron mass and Fermi wavevector (Eq. (4.52)).

32¢,h" c
mek%et kpt2m*2

Ry = (4.52)
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This expression is again clearly not universal, depending not only on the
effective mass and Fermi wavevector, but also on the hopping integral t* and
interlayer spacing c.

Conductivity in Quasi - Two Dimensions: Parallel to
Planes
The derivation of the conductivity parallel to the planes requires a simple

modification to that for perpendicular conductivity. It is straightforward to
show that

oy —2¢? ; 7(k) 99,
Il (27T>3/dk H(k) A 8k||’ (4-53)

in a similar manner to the derivation of Eq. (4.33).

99, _ 09, 0= 0Oy,
8l<:|| n 86 ak’” n 86

As before, we approximate the Fermi distribution as a step function. Thus,

hwy (k) = —hoy (k)3 (zp — <) (4.54)

2¢?

@ / dkvi (k)7 (k)d(ep — €). (4.55)

Again converting the integral to cylindrical polar coordinates,

o =

dk = d*k = kydkyd6dk, (4.56)
we find 0e2 12
e T

where we have performed the integral over §, written the velocity vy (k) ex-
plicitly and again assumed that the scattering rate is constant over the Fermi
surface.

The delta function can be expressed as

Z T Ok — q (4.58)

h’UL|
where -
1 h°k
q = iz arccos (W*Qc — ;—Z) : (4.59)
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We can rewrite this in terms of the positive values of ¢/, denoted ¢, as

5k — q) + 6(k.
Ser—c) =3 ( “;L)vj( )(| 49 (4.60)

q

The conductivity is now

2e2Th? d(kL —q)
2— 4.61
9| = (271') / dkﬂdkl Z \hwy (q) (4.61)

which has been further simplified by noting that the two delta functions once
again give equal contributions.

Finally, we write the explicit form of the velocity and make a change of
variable such that

462Th2 5(kj_ - Q)
o) = m/kﬁdklld"ﬂz i
2m)m : PR ep
9 |2t.csin | arccos Im*t, 21,

_ 4627—t / ﬁ th
cn2h? 1— 52

_ 4627'156@
cm2h? 2t,
_ Qi% (4.62)
where thﬁ . "
= It 2t df = 5 tckndkn

and the limits of the integration are set by the possible inputs to the arccos
function which correspond to values of & on the Fermi surface, as before.

Kadowaki-Woods Ratio in Quasi - Two Dimensions: Par-
allel to Planes
Using the conductivity found in Eq. (4.62) and repeating the procedure of

the previous sections we find that the coefficient of the resistivity in quasi-two
dimensions measured parallel to the planes is given by

2meBk%m*?

=2 4.63
|| thgk% ) ( )
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where we have approximated ez = h%k%/2m*, where kp is the average of
wavevectors on the Fermi surface.
The two dimensional expression for v is
wkim*
= 4.64
so the Kadowaki-Woods ratio in quasi-two dimensions in the parallel direc-
tion is

A 25hBc?
Rl = b = 2 4.6
KW = 2 re?kL kg ( )
The quantity B is as given in Eq. (4.51), as it depends only on the
geometry of the Fermi surface. Inserting the expression for B into Eq. (4.65)

gives

20¢,h3 3

|
Rpy = kLl E (4.66)

again dependent on the interlayer spacing and Fermi wavevector. As expected
the expression for the Kadowaki-Woods ratio measured in the parallel direc-
tion (Eq. (4.66)) does not depend on the interlayer hopping integral. Unlike
the expression for interlayer transport, this expression does not depends on
the enhanced mass.

4.3 Tight Binding Model

The most general we use here is the general tight binding model, where each
dimension has a different hopping energy, such that

e(k) = =2 (t, cos ak, + t, cos bk, + t.cosck.) . (4.67)

Conductivity in the Tight Binding Model

In finding the conductivity, we begin as before with an expression for the
conductivity in terms of an integral over the first Brillouin zone

o= % / dr ()02 (K)S (e — er). (4.68)
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We rewrite the integral in terms of surfaces of constant energy and an energy
integral, as in Eq. (4.7) finding

o 2¢? cose//dengg' k)v2(k)d(e — er)

~ 2cosd / deD () (K)o (K)3(e — e5)
= €71 D*(v?) cosf (4.69)

where D* is the renormalised density of states at the Fermi energy, and

ein [ dSc 2
D*(e) = /Wm, (4.70)

again approximating 7 as constant over the Fermi surface.

Kadowaki-Woods Ratio in the Tight Binding Model

Proceeding as before, we find that

B2
= 4.71
hepe? D*(v2) cos 0 (4.71)

and using

7T2]€32NAD*
=2 &7 4.72
gl 37 (4.72)
we have

RIELE = onB (4.73)

TN%k%e? cos 0 D*Bep(v2)
This is independent of renormalisation, since there will be a factor of Z2 on

the density of states, and a factor of Z=3 from the Fermi energy and mean
velocity squared. We use the definition of krp in Eq. (4.24) to find

de,m(v°)nh
=2 4.74
e? D%, (4.74)
SO )
RIDTE _ 36h%e,n (v°) (4.75)

 eAePm3NZkS cos 0D (v92)
using Ze% = ep and Z(v°) = (v). In the same manner as before, we could
attempt to find (v2). The integral

2
4tcc ff dkj dk \/ . <6F+2tacosa£m+2tbcosbky>

[ dkd(e —ep)

() =

(4.76)
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is non-trivial to solve analytically, but could be easily integrated numerically
for a given set of parameters.

4.4 Comparison of The Effects of Dimension-

ality
The Kadowaki-Woods ratios derived in this chapter are
RB. = 18K° mzé S é
Riw = 320 m";{%e‘* t%m;k'p
3
Ry = 2°8° m;#B . ;—%
RIDTE _ cosp 36h%¢, n{v®)

ATINIZ, S DI )
RLE depends on the inverse of the Fermi wavevector(ky'), while Ri(DV‘['/
depends on its cube(k"), and the three dimensional expression (3D) contains

kz%. R3E, and Ri(DV‘[', are independent of the effective mass, while 2D, has
a factors of m*. This can be interpreted as the effect of the mass on the
interlayer hopping. The hopping integral ¢. only appears in 2D, as would be
expected. 2D, depends on the interlayer spacing while 2D depends on its
cube. The ratio of the perpendicular and parallel Kadowaki-Woods ratios is

R2DL 1 R2kp\2 By \ 2
A (_ ) :< ) (477)

Rt t. cm te

where
kg
cm*
which looks like the ratio of the energy associated with hopping between
layers, and the energy of a particle in an infinite potential well, the size of
2To

which is given by ]%f ~ 7% where « is the filling ratio and a is the size of
the planar (z)) dimensions.

Ewell =

Values in the Organics

In terms of doing an experiment, it is extremely difficult to measure only the
conductivity in the in-plane (parallel) direction. The resistivity in the plane is
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Figure 4.1: A comparison of the experimental values of the Kadowaki-Woods
ratio for a range of quasi-two-dimensional materials and the values as calcu-
lated from the expression derived on the basis of a 2D free electron gas with
a third tightly bound dimension (Eq. (4.52)). The solid line indicates a 1 : 1
correspondence between theory and experiment.

much larger than that perpendicular to the planes, so the in-plane resistivity
will be washed out unless the contacts are connected to exactly the right
planes of the sample. Since the interlayer spacing is on the order of 10 A, this
is out of the reach. The perpendicular Kadowaki-Woods ratio Ry, has so far
only been calculated for a small sample of quasi-two-dimensional materials
which happen to be superconductors. As Fig. 4.1 shows, these results are
very promising. The line in the figure indicates a 1 : 1 correspondence
between theory and experiment.
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Chapter 5

Quantum Many-Body
Calculation of The

Kadowaki-Woods Ratio: A
Phenomenological Fermi Liquid

Approach

“For those who want some proof that physicists are human, the
proof is in the idiocy of all the different units which they use for
measuring energy.”

- Richard Feynman

In this chapter we calculate the Kadowaki-Woods ratio using a phe-
nomenological Fermi liquid approach. We use the Kramers-Kronig relation
for the self energy to relate the heat capacity and resistivity, thus finding
the Kadowaki-Woods ratio. As discussed previously, transition metals are
found to have a universal Kadowaki-Woods ratio, while heavy fermion ma-
terials have a different, also universal ratio. Miyake, Matsuura and Varma
[22] tried to explain these two values as limiting values of an interaction-
dependent ratio that is not universal in general. Here we follow the derivation
done by Miyake et al and investigate the resulting Kadowaki-Woods ratio for
an anisotropic system. We find that the Kadowaki-Woods ratio is both not
universal, and not renormalised by many body interactions.
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5.1 The Self Energy

The self energy quantifies the effects of many body interactions on the prop-
agation of quasi-particles. The retarded quasi-particle propagator is related
to the retarded self energy ¥ by Dyson’s equation [2]

1

Gr(w, k) = w—e(k) = Zp(w, k)

(5.1)

In Fermi liquid theory there is an energy w, such that for w < w, the self
energy can be expressed as [30]

Yrw) = (1—Z Hw +iCw? (5.2)

in the limit of 7' — 0 and for a system with no impurities. Note that the
self-energy in a low temperature local Fermi liquid theory such as we are
using is momentum independent.

For the purposes of this discussion, the self energy is probably best under-
stood in terms of its effects on the quasi-particle properties. The derivative
of the real part of the self energy with respect to energy w is related to the
quasi-particle mass enhancement factor defined by m*/m, and the imaginary
part of the self energy is proportional to the quasi-particle scattering rate
1/7. Using this information, we can write the retarded self-energy i as a
function of the energy w as (in theorist’s units)

al) = () + i2h(e) = (1= 2w - i (53)

m 27(w)’

The retarded self energy should tend towards zero in the high energy limit,
so Miyake et al. [22] assume the following form for the imaginary part,

1 24 (nT)?
- sw , for |w? + (7TT)2‘ <w? (5.4)

" o
V(W) = _27'0 w?

1 2 4 (7T)?
=— (27_0 + s) F % , for |w® + <7TT)2‘ >w? (5.5)

where s is a characteristic energy scale, T is temperature, w, is a cut-off
energy, 7, is the impurity scattering rate and F' is a monotonic decreasing
function with boundary conditions F(y) — y? as y — 1 and F(y) — 0 as
y — 00. The form of Eq. (5.4) is known to be valid in the low energy, low
impurity limit [30, 31] as it is clear that it reduces to Eq. (5.2).
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5.2 The Kramers-Kronig Relations

This derivation closely follows that found in Landau & Lifshitz [32].

The Kramers-Kronig relation gives a direct correspondence between the
real and imaginary parts of a response or correlation function.

In many physical systems we can determine the value of some quantity at
a time t by looking at its linear response to some external driving function
up to the time ¢. We say that the response K of y to some other function f
is given by

y(t) = /OO K(t—t)ftdt'. (5.6)

For f(t') = 6(t') we have
y(t) = K(t) (5.7)

thus it is clear that K is the response of y to a delta function perturbation.
We change variable to find

y(t) = /OO K(r)f(t—r7)dr (5.8)

We expect the response to be causal, so we have K (17 < 0) = 0. The Fourier
transform pair for f is

o0 ) > 1 )

0= [ fwestan fw= [ e 69)

oo oo 2T

[e.9]

Thus we can write

o) = [ K@) [ e e

_ / Z ( / Z K(T)eiwdf) flw)e“tdw

= 27 /OO (W) f(w)e “dw (5.10)

—00

where x is defined as the Fourier transform of K, and thus

y(w) = x(w)f(w). (5.11)
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We can write y(w) = x'(w) + ix”(w). The response K(t) is real, so

YHw) = (/_ZK(T>€MTCZT>* (5.12)

_ / T K (e dr (5.13)
= / N K(r)e ™7 dr (5.14)
= x(-w), (5.15)

thus

*

X'(w) = ((w)+ix"(w)) (5.16)
= X'(w) —ix"(w) (5.17)
= x(-w) (5.18)
= X' (-w) +ix"(-w), (5.19)

so Y/ (w) is even and x"(w) is odd.
If we let x be a function of a complex frequency w = w’ + iw” we have

xw) = /_00 K(1)e™ ™" "dr (5.20)
Vo) = /_ T KD T = y(—w). (5.21)

We require that w” > 0, otherwise the Fourier transform integral diverges.
The final stage of the derivation is a contour integral. Since y(w) is causal
it has no poles in the upper-half of the complex plane, so we can write

j{;((_wi)dw =0

0 ~ 0
= 73/ Md(a +lim [ ix(w+ee®)dd  (5.22)
oo W — W e—0

o ("~ _"_ NN e N ) )

77/ X (w)~ X (w>dw =im (X' (w) + ix"(w)) (5.23)
. O—w
where the first term of Eq. (5.22) is the Cauchy principal part and the second
term is the infinitesimal semicircle above the pole at w, parameterised in
terms of 6. The final term to close the contour vanishes as usual as |w| — o0,

as long as x(w) decays fast enough (Jordan’s Lemma). Now all that remains
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is to separate the real and imaginary parts of each side, thus arriving at the
Kramers-Kronig relations

(w) = —%73 / N g/(_@idd (5.24)
and o e
X' (w) = %7’/_ ;%dd. (5.25)

Note that the only requirements needed to derive the Kramers-Kronig rela-
tions are that Jordan’s Lemma is satisfied by the Fourier transform y of the
response function, and that the response function K is causal.

5.3 Kramers-Kronig Transform for The Self-
Energy

In 1961 Luttinger [33] proved that the self energy is analytic everywhere in
the complex plane away from the real axis. This means that the Kramers-
Kronig relation holds for the self energy, as physically ¥(w) should tend
towards zero for large frequencies. His discussion is briefly summarised here.

The retarded propagator G g(w, k) for a wavevector k at a frequency w is
given in the Lehmann representation as [34]

Gr(w, k) = / L)) (5.26)

W —w

—00

where A(w, k) is the spectral density as a function of w and k.
Letting { — W' + iw”, we have

Gr(W +i" k) = / dw—A(w’k)

/ YL
oo Wwtw —w

- [ ) A=

(w/ _ w)Q + w'"? (w/ _ w)Q + w//2'

(5.27)
The imaginary part
, o0 A(w, k)
(Gl + ' K] = = [ = (629)

is clearly only zero when w’s imaginary part w” = 0, since both the spectral
density and the denominator are positive definite.
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The quasi-particle propagator is related to the retarded self energy Xz (w, k)
by Dyson’s equation [35]
1 1

Crlw: k) = o o T =S k)~ w—elh) —Saw kO

where G°(w, k) is the free particle propagator, so
Yr(w, k) = GoH(w, k) — Gr(w, k) ' =w —e(k) — Grlw, k)~ (5.30)

Ggr(w, k) can only be zero when w” (and hence Im(Gg(w, k))) is zero,
which means it can only be zero on the real axis. This means that Xg(w, k)
is analytic everywhere with the possible exception of on the real axis. By
inserting an infinitesimal imaginary part we can shift any possible poles into
the lower half plane and as such we can perform the Kramers-Kronig trans-
form.

Since the Kramers-Kronig relation holds for the self energy, the definition
of the imaginary part in Eqs (5.4) & (5.5) is sufficient to completely define
Yr(w, k), up to the full form of F(y).

5.4 The Self-Energy Dependence of The Con-
ductivity

Here we derive the conductivity in the ‘pure’ limit, the limit of a low impurity
scattering rate.

We first derive the self energy dependence of the conductivity, and thus
an equation for A(X"”). In the Kubo formalism, we can derive a quantum
field theoretical analogue of the Boltmann transport equation in terms of the
self energy and vertex corrections [36]. In this treatment we neglect vertex
corrections as they are expected to be small, as long as the electrons are not
too localised [37]. We write the conductivity in the known form [23]

h3e? K [de —of

~ 3me2 (2m)3

where A(e, k) is the spectral density as a function of wavevector k and en-
ergy €, and k, is the component of the wavevector in the direction of the
measurement. We know that the spectral density is related to the retarded
Greens function by [23]

Ale, k) = —2Im(Gr(e, k)) (5.32)
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and the retarded Greens function is written as

1
Grle, k) =
RER) = T S — ix

A
= 5.33
e — Zeo(k) +ih/27 (5:33)

so we have 17

Az, k) = —hZj (5.34)

(e — Zeo(k))? + (h/27)*
It is clear that the spectral density has the form of a Lorentzian, and as such
in the limit of a small scattering rate

" rz2
EL;IEOA(e k) = Zl/}ilgo - Z;(Q;I)*i 75 = —21Z6(e — Ze°(k)). (5.35)
By considering .
o [ 2 (5.3
we find that [23] ,
m [ (Fm) —e 63

and so we can write

lim A%(e, k) = lim —2nZ3(e — Z¢ <k))

=/ —0 £/ —0 DA

(5.38)

Inserting this into Eq. (5.31) we find

= Zh3 : /de/dké (e — Z&( ))(kQ) _12,},% (_aif)' (5.39)

At this point, to simplify the calculation somewhat, we use our knowledge of
the effect of the derivative of the Fermi distribution function at low tempera-
tures. We expect it to pick out energies near the renormalised Fermi energy,
so we thus approximate the result by removing the factor of k2 from the
integrals, and averaging it over the Fermi surface. We denote this average
by (k2). Further, we make the same approximation on the spectral density
delta function, finding

o= Zh;i§2k§> / (262{)35(Z50F - Zeo(k))/ds_;,é (—a_if) . (5.40)
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The definition of the renormalised density of states at the renormalised Fermi
energy €p = Ze% is

o s dk o
D) = / 62— 2e°(R)) (5.41)
Ry ELCD)
N 473 Z
D, (%)
pum— _— '42
- (5.4
Using this result we find
o i)
__ BPeU)Do(eh) / )
6mo2 Z”
*QD
N 6m02 / z:"
he? (v D,
pu— '4
3Z2 / —22” (5.43)

where we adopt the notation D, for the unrenormalised density of states at
the Fermi energy. The result in Eq. (5.43) has exactly the same form as that
found in the work of Miyake et al [22].

At zero temperature the derivative of the distribution function with re-
spect to energy becomes a delta function, so we have

he? (v D, 1

372 —2%7/(0,0)
where we have defined the Fermi energy €; = 0, D, is the unrenormalised
density of states at the Fermi level as above, and (...) indicates an average

over the Fermi surface. So using Eq. (5.4) in SI units, we have for the zero
temperature resistivity

o(T'=0)=

(5.44)

—62237%(0,0 6
Po = 2(0 ): n ) (5.45)
he?(v2) D, e2r,(v2) D,
For non-zero temperature we already know that
Be2 <U2>D° (*af)
T) = . d O L. 5.46
o(T) 372 / S oy (e, 1) (5.46)
Thus using Eq. (2.1) we can write
-1
32° (%)
AT? ~ —— de— =%t 25%(0,0) | . 5.47
R (v2) D, l/ “asren| 00 (5.47)
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We change variables to x = ¢/kgT (so the cut-off corresponding to w, is
z, = hw,/kpT) and use Eq. (5.4) for ¥ within the cut off, finding

1 > (_%fo)
Nl = d z .
/ Y ox (whpT, T) (5.48)

/OO ir st [P 4 B e (549)
= - — 4+ —(z .
e 4 T, X2 T
2 [ee] h 2 -1
_ % | sech?(z/2) [% + 22 +7r2} . (5.50)
So we can write
372
AT? — T (N+2Y"(0,0 51
FL€2<U§>DO( + ( ) )) (55 )
372 2 oo h(z/2) | A
BV e T )
he?(v2)D, \ [8s J_o ;&joz_l_ﬂz T,

We can now take the ‘pure’ limit by letting the residual resistivity ap-
proach zero, hence 7, — oo. We then evaluate the integral X! numerically®,

finding
x2 [ sech®(z/2)
N o= 2 [ dp—— 5.53
83, /_Oo TR (5:53)

1’2

= B .54
24s, (5:54)

where the value of s in the pure limit is [22]

_2n
37D,
and where n is the electron number density. We now have
37%R
he?(v2) D,T?
727%s,
he?(v2) D ,a2T?
487°nk?,

T ah3e2(v2) D22’ (5.56)

(5.55)

So

A =

'We used the numeric integration function in Mathematica, but any adaptive integra-
tion method will work by simply picking large but finite bounds for the integral, since this
function dies off very quickly.
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The expression for s, for a 3D isotropic system reduces to

4€F
S = —.
9

(5.57)

5.5 Kadowaki-Woods Ratio

Having found the coefficent of the resistivity, we now want to find the real
part of the self energy in the pure limit, and hence the coefficient of the heat
capacity. From the Kramers-Kronig transform, we know

1 o Z// /
S(w) = -P / = (“’:dw’ (5.58)
T )W —
—E’( ) . So ’P/wo w/2 d ,
i Tw? ), W —w ~

1 o0 o /
+—/ /S F (i) dw’

TSy, W —w Wo

1 [ s, W' ,

for |w| < w, (meaning the pole is in the first term), where we have let 7' = 0.
Dealing with the first term first, we have

Wo 12
So w ’
[1 = 27) ; dw
Wy, —wo w — W

w

S, . Wo w/Q ,
= ——Ilim dw
T g —
w—109 2
Sy .. w
+—2 lim dw’

2 /
Wy d—0 —w, W W

s Wo
= —2 lim | (W’In(w —w) +wd +w?/2
w2 -0 [< ( ) T ) w+6

+ (W In(w — w) + ww' +w?/2)

= 8—02 (2w0w+w2 {ln (1 — i) —In (1+i)})
Wy Wo Wo

250 (i - “’—3) . (5.60)

12

44



The other terms are given by
1 o0 o !/
P —/ L o (i) dw’
T Sy, W —WwW Wo
1 —Wo o /
+= / P <i> du
T ) oo W —Ww Wo

1 o0
= = / “_F(y)dy
1

@ v -y
+1/1 S p(y)dy (5.61)
)y —y VY '

where we have changed variable such that ¥’ = &'/w, and y = w/w,. We can
use the binomial expansion to find

1 [ S
I, = —/ 2 F(y)dy
2 m) v —-y/y) &)
1/_1 S
4= — 2 _FW)dy
T ) Y1 =y/y) &)

1 [®s, 2
_ _/ 2p ) <1+2,+O(3,> +...>dy’
Ty y y

1 [ls, ?
+—/ P () <1+£,+O<£,> +--->dy’ (5.62)
TJ) Y Yy Yy

Since F(y) is symmetric, terms of odd order in ¢ are zero. Since the remain-
ing terms are symmetric, we have

1 [ S
I, = —/ — 2 _FW)dy
? ) YA —y/y) &)

+l /_1 LF (y’) dy’
T Jooo V(L =y/y)

_ By (5.63)
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where

¢ = / " Py vy

/ 1/y*dy
1

< 1.

IA

We expect F' to die off slowly [22], so we expect £ to be close to 1. Taking
only the linear terms of I; and I, we find that

S~ 25, w

(1+6). (5.64)

T W,

We can now write the linear coefficient of the heat capacity as

(0T
T = ER

25,
= 7|1 1 5.65
(1t 2 are) (5.65)
25, mhw,
— | 1 . 5.66
Hmo(+“ 250) (5.66)
In the limit of hw,/s, < 1,
25,
= o T — ]_ . .
¥ =" whwo( +¢€) (5.67)
Finally, using
2
’YO = ?k%Do, (568)
we have k2
nKp
1= G2+ (5.69)
We can write the Kadowaki-Woods ratio
35 Z2
Ryw (5.70)

mhk%e? nD2(v2)(1 + €)?

where we have taken hw,/s, < 1. The Kadowaki-Woods ratio is clearly not
universal as it depends on the electron number density, the non-interacting
density of states at the Fermi energy and most importantly in the case of
anisotropic materials, the average of the square of the velocity in the di-
rection of the conductivity measurement. It can be seen that this quantity
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is not renormalised by the many-body interactions, since hv = Ve, the
renormalised velocity is given by

(v3) = (v*) Z* (5.71)

x
where v¢ is the unrenormalised velocity. So we find

3° 1
4rhk%e? nD2(vo?)’

Riw (5.72)

by approximating £ ~ 1, which constrains our choice of F(y) somewhat,
but it is a reasonable constraint [22]. This result is valid for any metal that
behaves like a Fermi liquid at low temperatures, and for which the impurity
scattering rate is small. It is clear that this expression is not renormalised
by the many-body interactions. While this expression is clearly not universal,
it is reasonable to believe that it could appear universal in certain kinds of
systems, particularly when plotted on a log-log scale. In this light it is not
surprising that materials such as the organic superconductors do not have
a universal Kadowaki-Woods ratio. Rather, the surprising thing is that it
appears universal at all.

In a quasi-two dimensional material it is straightforward to find D, and
(v2?). The density of states is

dk ]
DO = /4_7r35<€_€F)

dk _ h%k
= /—6( I ot cos(ck,) — %)

473" 2me
1 (5(1@—6])
= = || kydkydk, 2
=/ T
1 1
= — | kidk

K2k o\ 2
_ I _ tr
2tcc\/1 <4tgm0 2t2 >

o 1
m —1/2
= —— [ dg(1 -/
i |, B (1- 6%
mO
2 o
where we have used 5 = 47;:‘)0 — ;TP; and g = arccos(3)/c as in previous similar

calculations, and t2 is the unrenormaised interlayer transport energy. The
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averaged velocity is

<,002> — f47r31}025 )
[ B55(c — %)

f 473 U025 )
D,

(5.74)

dk o kydky
[ swse-e = [l
Amect°? 1
—1

2m°cto?
= i (5.75)

so we have

(0 2mect?® mwch?
v =
¥ htm
20122
72

mO

(5.76)

In such a material the Kadowaki-Woods ratio is

Prhs 1
REL = ——— — 5.77
W 8k e2mo? nto?’ (5:77)
which is dependant only on the number density of charge carriers and the
square of the unrenormalised interlayer transport energy.
For an isotropic three dimensional material such as the heavy fermions,
we find

3,10 o
3°m° €%

RSD A
KW 2mhk%e? n?

(5.78)
This depends only on the unrenormalised Fermi energy and carrier density.
Using the data in Appendix A we produced Fig. 5.1. As this figure shows,
Eq. (5.78) predicts Kadowaki-Woods ratios in a variety of materials, over
several orders of magnitude, to within a factor of 5 for all but one of these
data points, CeCusySis.
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Figure 5.1: Experimental values versus theoretical predictions of the
Kadowaki-Woods ratio using Eq. (5.78) in a variety of heavy fermion sys-
tems. The solid line is the line where theory perfectly matches experiment.
The data used here can be found in Appendix A.
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Chapter 6

Conclusions

“This is the end, my only friend, the end.”

- Jim Morrison

We have derived the Kadowaki-Woods ratio using both Boltzmann’s equa-
tion and the Kubo formula for the conductivity. Both these derivations indi-
cated that the geometry of the system is a fundamental consideration when
attempting to make predictions of the systems behaviour.

We first derived the Kadowaki-Woods ratio in a weakly interacting metal
model for a variety of Fermi surface geometries. The results of these deriva-
tions are clearly dependent on the geometry, and in the case of the mea-
surement of a quasi-two dimensional material perpendicular to its plane,
dependent on renormalised properties.

We then derived the conductivity from the Kubo formalism, neglect-
ing vertex corrections. We related this result to the heat capacity via the
Kramers-Kronig relation and thus found a general expression for the Kadowaki-
Woods ratio. This expression is found to be non-universal. It is also not
renormalised by the many-body interactions. This is in opposition to the
view of Miyake et al., who claimed that the difference between the value of
the Kadowaki-Woods ratio in heavy fermions and that in transition metals
is due to limiting cases of the interaction strength. Our derivation indicates
that the difference is rather due to the non-interacting properties.

While the results in heavy fermions are promising, further investigations
with regard to the layered materials are needed for experimental confirma-
tion.
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Appendix A

Data for Heavy Fermion

Materials
UPt3
Quantity Value Reference

A 1.9 uQem K2 [22]
v 420 mJ mol™! K2 (38]
% 141 A3 [39]
Y 2 [40]
Ep 2.62 x 107% J [41]

m*/m° 187 [39]

R, 1.94 x 1071 K?mPs3 kg1 C2 -

Riheor 11302 x 10710 K?2m°s3 kg1 C2 -

Table A.1: Data for UPts.

o1




CGBG

Quantity Value Reference
A 0.7 pQem K2 [22]
¥ 250 mJ mol™! K2 [42]
v 71.0 A3 [43]
Y 1.15 [43]
S 522 x 10720 J [42]
m*/m° 6 [42]
R, 1.55x 10 K2mds3 kg™t C2 -
Rtheor 5.59x 716 KZmbsd kg 1C2 -
Table A.2: Data for CeBg
CeCug
Quantity Value Reference
A 25 puQem K2 [22]
v 1500 mJ mol™! K2 [44]
v 420.6 A3 [45)]
Y 10 [46]
Ep 1.59 x 10728 J [46]
m*/m° 380 [46]
R, 7T12x 71T KPmd s kgt C2 -
Rtheor 341710 KZmb kg 1O -
Table A.3: Data for CeCug
UAl
Quantity Value Reference
A 0.2 pQem K2 [22]
Y 145 mJ mol™t K2 [47]
v 468.4 A3 48]
Y 80 [49]
EF 1.43x 1071% J [50]
m*/m?° 1.7 [51]
R, L1818 K?m°s3 kg~ C2 -
Rtheor 3.70x~ 18 K?mPs3kg ' C~2 -

Table A.4: Data for UAl,
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CeCUQSiQ

Quantity Value Reference

A 9.3 pQem K2 [22]

v 1000 mJ mol™! K2 38]

v 167.7 A3 [52]

Y 502! [52]

S 1.31x 1072 J [52]

m*/m° 400 [52]
R, 3.76x 2 K?mPsP kg tC2 -
Rtheor 148%™ K?m°s3kg~ ' C2 -

Table A.5: Data for CeCusSis
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Appendix B

Data for Layered Materials

p— (ET)213
Quantity Value Reference
v 24 mJ mol™! K2 [53]
A 2x 1077 Qem K2 [54]
V 0.8559 nm? [55]
Y 1 [53]
ty 1.027 x 10722 J [56]
kg 3.40 x 10 m™! [57]
c 1.53 x 107 m [58]
m*/m?° 3.9 [59]

Table B.1: Data for § — (ET),I3
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SI’QRHO4
Quantity Value Reference
7y 375 mJ mol™! K2 [60]
A 55 x 107% Q em K2 [60]
Vv 0.1908 nm3 [60]
Y (1.33,0.91,0.22) [61]
ty 1.66 x 107 J [61]
kg (7.5,6.2,3) x 10 m™! [61]
c 1.27x 107 m [60]
m*/m?° (16,7,3.3) [61]

Table B.2: Data for SroRuO,4 with three Fermi surfaces.

k-(ET),Cu(NCS),
Quantity Value Reference
v 23 mJ mol™! K2 [62]
A 85x 1077 Qem K2 [25]
vV 1.688 nm? [63]
Y 2 [53]
t 6.4 x 10724 J [64]
kg (3.46,1.35) x 109 m™! [65]
c 1.31x107% m [66]
m*/m?° (6.5,3.5) [67]

Table B.3: Data for x-(ET),Cu(NCS), with two Fermi surfaces.

k- (ET),Cu(N(CN),)Br
Quantity Value Reference
o 25 mJ mol™! K2 [68]
A 3x107% Qcem K2 [25]
% 3.317 nm? (53]
Y 4 [53]

Table B.4: Data for x - (ET),Cu(N(CN),)Br.
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(TMTSF),PF

Quantity Value Reference
vy 5.73 mJ mol™t K2 [69]
A 2x107% Qocem K2 [70]
Vv 0.714 nm? [71]
Y 1 [71]

Table B.5: Data for (TMTSF),PFg.

Rb3Ceo
Quantity Value Reference
v 48 mJ mol™t K2 [72]
A 1x107% Qem K2 [72]
1% 3.0 nm? 53]
Y 4 (53]

Table B.6: Data for Rb3Cgy.
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