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The Friedmann equation can be derived for a Newtonian universe where
motion is nonrelativistic and gravity is attraction between masses. In that
case it is conservation of energy for the motion of a galaxy in the expan-
sion of the universe. Changing mass density to energy density gives exactly
the Friedmann equation of general relativity. Accounting for work done by
pressure then yields the two Einstein equations that govern the expansion.
Descriptions and explanations of radiation pressure and vacuum pressure are
added to complete a basic kit of cosmology tools. It fills in the mathematics
left out of descriptive reviews and provides a basis for teaching cosmology to
undergraduates in a way that quickly equips them to do basic calculations.
Application of the equations is demonstrated with calculations involving:
characteristics of the expansion for densities dominated by radiation, mat-
ter, or vacuum; the closeness of the density to the critical density; how much
vacuum energy compared to matter energy is needed to make the expansion
accelerate; and how little is needed to make it stop.

Travel time and luminosity distance for light from a distant source are
calculated in terms of the redshift and the densities of matter and vacuum
energy, using a scaled Friedmann equation with the constant in the curvature
term determined by matching with the present values of the Hubble param-
eter and energy density. General relativity is needed only for the luminosity
or luminosity distance used in Hubble plots, to describe how the curvature
of space, determined by the energy density, can change the intensity of light
by changing the area of the sphere to which the light has spread. Thirty-one
problems are included.
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I. Introduction

To understand cosmology, you have to work with equations that come
from general relativity. That does not mean you need a course in general
relativity to get started. Substantial working knowledge of cosmology can be
built on simple undergraduate physics. The Friedmann equation is the key.
It is one of the two Einstein equations of general relativity that govern the
expansion of the universe. The other can be easily understood; it accounts
for work done by pressure as the universe expands.

The Friedmann equation can be derived for a Newtonian universe
where motion is nonrelativistic and gravity is attraction between masses.1 In
that case, the Friedmann equation is conservation of nonrelativistic kinetic
energy plus gravitational potential energy for the motion of a galaxy in the
expansion. To move to relativity we use the equivalence of mass and energy
and change mass density to energy density. What we need to know about
general relativity at this step is that it gives exactly the same Friedmann
equation in all cases. The foundation is curvature of space rather than grav-
itational energy, but the result is the same. There are no correction terms.
The only change we have to make is to interpret the density in the Friedmann
equation as that of energy rather than mass and include all forms of energy
in it.

That is reviewed and developed here. Descriptions and explanations
of radiation pressure and vacuum pressure are added to complete a basic kit
of cosmology tools. It fills in the mathematics left out of descriptive reviews 2

and provides a basis for teaching cosmology to undergraduates in a way that
quickly equips them to do basic calculations. Application of the equations
is demonstrated here with calculations that: determine characteristics of
the expansion for cases where the energy density is dominated by radiation,
matter, or vacuum; present and answer the question how the energy density
got so close to the critical density; find how much vacuum energy compared
to matter energy is needed to make the expansion accelerate; and find how
little is needed to make it stop.

The travel time and luminosity distance for light from a distant
source are calculated in terms of the redshift and the densities of matter and
vacuum energy. In the scaled Friedmann equation that is used for this, the
constant in the curvature term is determined by matching with the present
values of the Hubble parameter and energy density and is found to be a func-
tion of them. General relativity is not needed for that, but it is needed to
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describe how the curvature of space can change the area of the sphere of light
and, thereby, the intensity of the light spread over that sphere, and hence
the luminosity distance used in Hubble plots. In particular, general relativ-
ity gives the curvature in terms of the energy density. Thirty-one problems,
most of them easy, explore some of these topics in more detail and extend
the range of application.
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II. Friedmann Equation

Two basic equations of cosmology govern the expansion of the universe.
They can be understood as statements about energy. One says there is a
constant like the sum of kinetic and gravitational energy for the motion of
a galaxy in the expansion. The other accounts for work done by pressure as
the universe expands.

The expansion of the universe is observed as motion of galaxies away
from each other. The universe is like an expanding gas, but the units are
galaxies; an individual galaxy does not expand. The Hubble law describes
what is observed.3 The speeds of motion of galaxies away from us are propor-
tional to their distances from us. Galaxies at distances R are moving away
from us with average speed

dR

dt
= HR (2.1)

where H is the Hubble parameter.
The Hubble law is what we expect to observe in a spatially isotropic

uniformly expanding universe.3 We assume it would be the same for observers
at any other location. We assume the universe is in fact homogeneous, the
same everywhere, at any given time. Right now, that can be true only at
scales larger than clusters of galaxies, but the isotropy of the cosmic radiation
is evidence that at earlier times the universe was in fact very homogeneous.4

Gravity, pulling galaxies together, slows the expansion of the universe. The
force of gravity on a galaxy at distance R coming from the mass of homoge-
neous universe inside the sphere of radius R is the same as if all that mass
were at the center of the sphere. There is no force of gravity from the spher-
ical shells of homogeneous universe outside that sphere. The kinetic plus
gravitational potential energy for the motion of a galaxy of mass m in the
expansion is therefore

E =
1

2
m(

dR

dt
)2 − GMm

R
(2.2)

where G is Newton’s gravitational constant,

M =
4

3
πR3ρ (2.3)

is the mass inside the sphere of radius R, and ρ is the density of mass in the
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universe. Using the Hubble law (2.1) we get

2E

mR2
= H2 − 8

3
πGρ. (2.4)

At a given time in our homogeneous universe, H and ρ are constant through-
out space. That means 2E/mR2 is the same for all galaxies. In particular,
the negative, zero, or positive character of E is the same for all galaxies.

If E is not zero, we can choose units and find a time t1 so that
|2E/mR(t1)

2| is 1. Then

(dR/dt)2

R2
− 8

3
πGρ = −kR(t1)

2

R2
(2.5)

where k = −2E/mR(t1)
2 is 1, 0 or -1 depending on whether E is negative,

zero, or positive. The constant R(t1)
2 is the magnitude of 2E/m . It stays

constant while R, dR/dt, H and ρ change in time. (This constant will be
handled in a completely different way in Sections IX and X where applications
require its use. Meanwhile we will see how much can be done without knowing
anything more about it.)

Now we invoke E = mc2 and let ρ be the energy density of the
universe. We use units for which c is 1. Mass and energy are equivalent. We
assume, as in general relativity, that all energy creates gravity.

With ρ the energy density, our equation (2.5) is the Friedmann equa-
tion obtained from general relativity, where k is the constant 1, 0, or -1 that
indicates whether the curvature of space is positive, zero, or negative.5

In our Newtonian equations, E is constant, so k is constant. We
have derived the Friedmann equation for the case of a Newtonian universe.
General relativity says the Friedmann equation holds with constant kR(t1)

2

in all cases. Of course general relativity provides a derivation of the Fried-
mann equation that is altogether more satisfactory. But Newtonian physics
comes remarkably close. It gives us an equation that is exactly the Fried-
mann equation where Newtonian physics applies and with reinterpretation
becomes exactly the Friedmann equation in all cases. It does not require
correction terms.
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III. Einstein Equations

The Friedmann equation is one of the two Einstein equations of general
relativity for the homogeneous universe. The other just adds that as a volume
V of the universe expands by an amount dV , the pressure p in the volume
does work pdV, which decreases the energy in the volume by that amount so,
for a sphere of radius R ,

d(ρ
4

3
πR3) = −pd(

4

3
πR3) (3.1)

which implies that

R
dρ

dt
+ 3(ρ + p)

dR

dt
= 0. (3.2)

We can write the Friedmann equation (2.5) as

(
dR

dt
)2 =

8

3
πGρR2 − kR(t1)

2. (3.3)

Taking the time derivative of this, using (3.2) for Rdρ/dt , yields

d2R

dt2
= −4

3
πG(ρ + 3p)R. (3.4)

These last two equations (3.3) and (3.4) are the two basic equations of cos-
mology obtained from general relativity.5
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IV. Density and Pressure Menu

What the pressure is depends on what kind of energy there is. The
energy density can come from matter, radiation, vacuum, or combinations of
these. Each gives a different pressure.

The energy density of matter does not produce pressure that affects
the expansion of the universe. Galaxies are not colliding and creating pres-
sure the way molecules in a gas do. In the early universe, the energy density
was mostly from radiation. The density and pressure of radiation are related
by

pγ =
1

3
ργ . (4.1)

That is shown in Appendix A.
The work done by each constituent decreases the energy of that

constituent as the universe expands, so (3.1) holds separately for each con-
stituent:

d

dt
ρiR

3 = −pi

d

dt
R3 (4.2)

where i can be m, γ or v for matter, radiation, or vacuum. For matter, pm

is zero, so
d

dt
ρmR3 = 0. (4.3)

The energy in a sphere of matter does not change as the sphere expands;
it just spreads out. The time dependence of ρm is tied to that of R by the
relation

ρm ∝ 1

R3
. (4.4)

For radiation, (4.1) and (4.2) give

d

dt
ργR

4 = ργR
3
dR

dt
+ R

d

dt
ργR

3 (1)

= ργR
3
dR

dt
− R

1

3
ργ

d

dt
R3 = 0 (4.5)

so the time dependence of ργ is determined by

ργ ∝ 1

R4
. (4.6)
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As the universe expands, the wavelengths λ of radiation expand in
proportion to distances R . Since the wavelengths λ and frequencies ν of
radiation are related by

νλ = c, (4.7)

the energy of a photon is
E = hν (4.8)

and the average energy of a photon of radiation in equilibrium at temperature
T is6

Ē ≈ 2.7kT (4.9)

where h and k are the Planck and Boltzmann constants, which we assume
do not change, the way wavelengths, frequencies, photon energies and tem-
perature change as the universe expands is determined by

λ ∝ R (2)

E ∝ ν ∝ 1

R
(3)

T ∝ Ē ∝ 1

R
. (4.10)

The number of photons does not change as the universe expands. The number
of photons per unit volume nγ decreases as the volume expands so

nγ ∝ 1

R3
. (4.11)

The energy per unit volume of the radiation is

ργ = nγĒ. (4.12)

This explains (4.6). For radiation in equilibrium at temperature T, the
Stefan-Boltzmann-Planck formulas give6

nγ ∝ T 3, ργ ∝ T 4 (4.13)

which agree with (4.6),(4.10) and (4.11). It all fits together.
The energy density of vacuum does not change:

d

dt
ρv = 0. (4.14)
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That means
d

dt
ρvR

3 = ρv

d

dt
R3 (4.15)

so (4.2) implies
pv = −ρv. (4.16)

There are layers of understanding this. Superficially we can say the
energy density of vacuum does not change because there is nothing there
to change. Probing deeper, we remember that the vacuum is supposed to
be Lorentz invariant. In a homogeneous universe, energy density is constant
throughout space. The spatial gradient of the energy density is zero. Lorentz
transformations mix space and time derivatives, so for Lorentz invariance the
time derivative of the energy density must be zero too. We can explore this
further by considering the energy-momentum tensor. It involves both energy
density and pressure. Its Lorentz invariance requires that they are related
by (4.16). That is shown in Appendix B.

Vacuum energy and pressure have the same effect as a cosmological
constant in the equations of general relativity. Einstein’s notation lambda
for the cosmological constant is still often used to label vacuum energy and
pressure.

Problem 4.1. Suppose there is an energy density ρw and pressure pw

related by
pw = wρw (4)

with w a constant. Show that ρwR3+3w stays constant as the universe expands
so the time dependence of ρw is determined by

ρw ∝ R−3−3w. (5)

Note that (4.4),(4.6) and (4.14) are obtained as special cases when w is 0, 1/3
and -1. A variety of hypotheses about contents of the universe7 is covered by
broad use of the name “quintessence” and a pressure/energy ratio w, more
specifically for w less than −1/3, and more generally for time-dependent as
well as constant w.

9



V. Time Dependence

Many features of cosmology can be explained with calculations using the
equations we have developed. A few central examples are worked out here.
The equations yield solutions that describe both expansion and contraction
of the universe. We will focus on expansion.

As the universe expands, the energy density of radiation decreases
faster (4.6) than that of matter (4.4) and the energy density of vacuum does
not decrease at all (4.14). At early times, the energy density of radiation
must have been dominant. If there is vacuum energy density, there will be a
time in the future when it is dominant. In our universe, it appears that for a
time in between, the energy density of matter is important if not dominant.

The time dependence of the expansion of the universe is different
for the pressures of radiation, matter and vacuum, so it is different in eras
when different kinds of energy are dominant. To see the simplest examples,
suppose k is zero or is negligible in the Friedmann equation (as it is at early
times when the term involving k is overwhelmed by that involving the energy
density of radiation). Then the Friedmann equation says

dR

dt

2

∝ ρR2. (5.1)

We consider simple cases where the universe contains only one constituent,
either radiation, matter, or vacuum. For radiation, from (4.6), we see that

dR

dt
∝ 1

R
(5.2)

so
R ∝ t

1

2 . (5.3)

For matter, from (4.4) we get

dR

dt
∝ 1

R
1

2

(5.4)

R ∝ t
2

3 . (5.5)

For vacuum, from (4.14) we get

dR

dt
∝ R (5.6)
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R ∝ eHt (5.7)

with constant H = (dR/dt)/R. This exponential expansion produced by
vacuum energy is called inflation. If radiation, matter and vacuum all
contribute, the density and pressure are sums

ρ = ργ + ρm + ρv (5.8)

p = pγ + pv (5.9)

and the time dependence is more complicated.

Problem 5.1. Calculate the Hubble parameter H as a function of time
for the two cases described by (5.3) and (5.5) where k is zero and the density
is either only from radiation or only from matter.

Problem 5.2. Show that if k is 0 and the energy and pressure are as
described in Problem 4.1 for a constant w , then

R ∝ t
2

3+3w . (6)

Note that (5.3) and (5.5) are obtained as special cases when w is 1/3 and 0.

Problem 5.3. Show that if k is 0 and the energy density is all from
matter and vacuum, with ρm and ρv both positive, then8

R
3

2 ∝ sinh
√

6πGρvt. (7)
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VI. Critical Density

When k is zero, the Friedmann equation says

ρ =
3H2

8πG
. (6.1)

This is called the critical density. Let

Ω =
ρ

3H2/8πG
. (6.2)

Thus defined, Ω is 1 if k is zero. From the Friedmann equation we see Ω is
less than 1 if k is -1 and Ω is larger than 1 if k is 1. Let also

Ωγ =
ργ

ρ
Ω (8)

Ωm =
ρm

ρ
Ω (9)

Ωv =
ρv

ρ
Ω. (6.3)

We can write the Friedmann equation as

ρ − 3H2/8πG

ρ
=

3kR(t1)
2

8πGρR2
. (6.4)

Looking at the left side, we see we have the fraction of the energy density that
is different from the critical density. We know from observations that right
now in our universe this fraction is small. From the right side of the equation
we can see how this fraction changes as a function of R as the universe
expands. In particular, using (4.6), we see that in the early universe when
the energy density was mostly from radiation, the fraction (6.4) increased
in proportion to R2 . It grew very much larger. Since it is small now,
it must have been very small at early times. That begs for explanation.
The standard explanation is that in the very early universe there was a
period of inflationary expansion when the energy density was mostly from
vacuum. Then, since vacuum energy density stays constant, the fraction
(6.4) decreased in proportion to 1/R2. It became very very small as R grew
exponentially, as described by (5.7).
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Problem 6.1. Show that if the value of Ω is 1 at a particular time,
then it is constant in time.

Problem 6.2. Can Ωv be constant in time? What is required for that
to happen?

13



VII. Acceleration

For the present and future expansion of the universe we consider only
matter and vacuum. The energy density of radiation, which was so important
in the early universe, is negligible now.

The acceleration of the expansion of the universe is described by
(3.4). With only ρm and ρv included, it is

d2R

dt2
= −4

3
πG(ρm − 2ρv)R (7.1)

because pm is zero and pv is −ρv. The acceleration is positive, zero, or neg-
ative depending on whether 2ρv is greater than, equal to, or less than ρm In
the plane of Ωm and Ωv , the acceleration is zero on the line where 2Ωv/Ωm

is 1. For larger 2Ωv/Ωm the acceleration is positive and for smaller 2Ωv/Ωm

the acceleration is negative. (See Figure 1.)

Problem 7.1. Suppose the acceleration (7.1) is zero at a particular time.
Can it stay zero in time? What is required for that to happen?
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VIII. Expansion Forever?

Will the expansion of the universe ever stop? That question was easier
to discuss a few years ago when only matter density was considered. If ρ is
just ρm, we can use our initial Newtonian equations. Both the M in (2.2)
and (2.3) and the E in (2.2) and (2.4) are constant. We can apply these
equations in the familiar Newtonian way. Galaxies will stop moving apart,
so the expansion will stop, if E is negative. The expansion will not stop if E
is zero or positive.

Now, considering energy densities for both matter and vacuum, we
want to find the values of Ωm and Ωv, the area in the plane of Ωm and Ωv

for which the expansion will stop. We just found that when Ωv is zero, the
expansion will stop if and only if Ωm is larger than 1 ( because that means
Ω is larger than 1, k is positive, and E is negative).

The expansion will stop if d2R/dt2 is negative and remains negative
until dR/dt is zero. We can see this happens if Ωv is negative, because then
we see that from (3.4)

d2R

dt2
∝ −(Ωm − 2Ωv) (8.1)

is negative and will stay negative, and in (3.3)

8

3
πG(ρm + ρv)R

2 (8.2)

will fall to kR(t1)
2 even if k is -1, making dR/dt zero, as ρmR2 decreases in

proportion to 1/R and the magnitude of ρvR
2 increases in proportion to R2.

Suppose Ωm ≤ 1. We have found that the expansion stops if Ωv is
negative but does not stop if Ωv is zero. We can conclude that it does not stop
if Ωv is positive, because larger Ωv makes d2R/dt2 and dR/dt both larger.

For Ωm > 1, there is a similar limit on the Ωv for which the expansion
will stop. The limit values of Ωv as a function of Ωm form a curve across
the plane of Ωm and Ωv (see Figure 1). For smaller Ωv the expansion will
stop and for larger Ωv it will not, again because larger Ωv makes d2R/dt2

and dR/dt both larger. We know that the expansion stops when Ωm is larger
than 1 and Ωv is zero, so the limit values of Ωv are at least zero.

At the limit, d2R/dt2 is negative just long enough for dR/dt to reach
zero, so d2R/dt2 and dR/dt are zero at the same time. We write ρ̃m and R̃
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for the values at that time and ρm and R for the values now. The value of
ρv is the same at all times. From (3.4),(3.3), and (4.4) we get

ρ̃m − 2ρv = 0 (8.3)

8

3
πG(ρ̃m + ρv)R̃

2 = kR(t1)
2 = R(t1)

2 (8.4)

ρmR3 = ρ̃mR̃3 (8.5)

4 which imply

8πGρv(
ρm

2ρv

)
2

3 R2 = R(t1)
2. (8.6)

Using this to substitute for R2
0/R

2 in the Friedmann equation (2.5) , where
k must be 1, dividing by H2 and using the definitions (6.2) and (6.3) for Ωm

and Ωv, yields

1 − Ωm − Ωv = − 3

2
2

3

Ω
1

3
v Ω

2

3
m (8.7)

which we can write as
4y3 − 3y + x = 0 (8.8)

with

x = 1 − 1

Ωm

, y = (
Ωv

4Ωm

)
1

3 . (8.9)

Using
cos3β = 4cos3β − 3cosβ (8.10)

gives the solution

y = cosβ, −x = cos3β (10)

x = cos(3β − π), y = cos(
1

3
cos−1x +

π

3
) (8.11)

Ωv = 4Ωmcos3(
1

3
cos−1(1 − 1

Ωm

) +
π

3
). (8.12)

On the curve in Figure 1, the values of Ωv are exaggerated by a factor
of 5 to show that they are positive when Ωm is larger that 1. Actually they
are quite small.
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Problem 8.1. For example, show that Ωv/Ωm is 1/54 when Ωm is 54/28
on the curve described by (8.12), because if y is 1/6 then x is 26/54 in (8.8).

Problem 8.2. Show that a good approximation to (8.12), obtained by
dropping the first term in (8.8), is

Ωv =
4Ωm

27
(1 − 1

Ωm

)3. (11)
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IX. Travel Time

We can calculate the relation between the redshift of light from a distant
galaxy and the time the light takes to reach us. It depends on the density of
matter and vacuum energy.

For light that was emitted from a distant galaxy at wavelength λ and
is observed here now at wavelength λ0 the redshift parameter z is defined by

1 + z =
λ0

λ
. (9.1)

As the universe expands, the wavelengths of light expand in proportion to
distances. Let

r =
R

R0

(9.2)

with R and r functions of time and R0 the value of R now. Then at the time
the light was emitted

r =
1

1 + z
. (9.3)

It is handy to work with r instead of R and measure time in units of
1/H0 where H0 is the value of H now. Let

τ = H0t, (9.4)

so τ is 1 when t is 1/H0. Using (4.4), we can write

ρm = ρm0(
R0

R
)3 =

ρm0

r3
(9.5)

where ρm0 is the value of ρm now. Then using this, (4.14),(6.2) and (6.3) we
can write (7.1) as

d2r

dτ 2
= −1

2

Ωm0

r2
+ Ωv0r (9.6)

where Ωm0 and Ωv0 are the values of Ωm and Ωv now. From the Hubble law
now

dR

dt
= H0R (9.7)

we get
dr

dτ
= r = 1 (9.8)
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at r = 1. Remembering that (7.1) is a version of (3.4) which was obtained
by taking the time derivative of (3.3), we can deduce, and/or check by dif-
ferentiating again, that

(
dr

dτ
)2 =

Ωm0

r
+ Ωv0r

2 + constant. (9.9)

Assuming that dr/dτ is positive, and choosing the constant to get the value
(9.8) when r is 1, we get

dτ

dr
= (

Ωm0

r
+ Ωv0r

2 + 1 − Ωm0 − Ωv0)
− 1

2 . (9.10)

We have not needed to know or assume anything about the constant term in
the Friedmann equation(3.3).

Integrating gives time, in units of 1/H0, as a function of the distance
fraction r or redshift z. For each Ωm0, Ωv0, the time the light takes to get to
us is

(∆τ)(r) =

∫

1

r

dτ

dr
(r′)dr′ (9.11)

with dτ/dr given by (9.10). We can see qualitatively how this time depends
on Ωm0 and Ωv0. Since r in the integral is less than 1, the Ωm0/r in (9.10)
is larger than the Ωm0 and Ωv0r

2 is smaller than Ωv0, so larger Ωm0 gives
smaller time and larger Ωv0 gives larger time.9

The integrand (9.10) for (∆τ)(r) is valid as long as matter and vac-
uum provide the dominant forms of energy density. Radiation becomes im-
portant for z larger than about 10,000. If there are no other forms of energy
density, extending the integral (9.11) to (∆τ)(0) gives a very good approxi-
mation to the age of the universe for each Ωm0 and Ωv0.

Einstein’s cosmological constant, which we now interpret as vacuum
energy, was introduced originally to get equations that can describe a static
universe. That can not be described by the equations we are using here. In
particular, equation(9.8) is clearly inconsistent with a static universe; the
assumption we need to make to use it is that the universe is expanding. The
way we are doing things here leaves a piece of history behind.

19



Problem 9.1. Show that if there is only vacuum energy density and Ωv0

is positive and less than 1, then

r = (
1 − Ωv0

Ωv0

)
1

2 sinhΩ
1

2

v0τ. (12)

Notice that r → τ as Ωv0 approaches zero, and the age of the universe
becomes infinite as Ωv0 approaches 1.

Problem 9.2. Find how r varies as a function of τ when there is only
vacuum energy density and Ωv0 is 1. Show that then the age of the universe
is infinite.

Problem 9.3. Show that if there is only vacuum energy density and
Ωv0 is larger than 1, then there is no big bang because dr/dτ does not stay
positive for r between zero and 1.

Problem 9.4. Suppose there is only matter and vacuum energy density.
By looking at the minimum of (dr/dτ)2 as a function of r, show that there
is no big bang, because dr/dτ does not stay positive for r between zero and
1, if

(2
1

3 + 2−
2

3 )Ω
2

3

m0Ω
1

3

v0 + 1 − Ωm0 − Ωv0 (13)

is not positive when Ωm0 is less than 2Ωv0. Sketch the curve that bounds the
area in the Ωm0, Ωv0 plane where this happens. Show that the age of the
universe grows infinitely large as this area is approched.9

Problem 9.5. Suppose there is only matter density and Ωm0 is 1. Cal-
culate (∆τ)(r) and the age of the universe (∆τ)(0). Expand (∆τ)((1 + z)−1)
as a series in powers of z to second order, which can be used for small z for
r near 1.

Problem 9.6. By changing the variable from r to z in the integral (9.11)
and expanding in powers of z, show that to second order in z, for small z for r
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near 1,

(∆τ)((1 + z)−1) = z − z2 − 1

4
(Ωm0 − 2Ωv0)z

2. (14)

Problem 9.7. Sketch the age of the universe (∆τ)(0) as a function of Ωm0

for Ωm0 between 0 and 1 for the cases where:
(a) there is only matter energy density; and
(b) there is both matter and vacuum, Ωm0 and Ωv0 are both positive, and
their sum is 1.
The relative positions of the curves and the directions of their slopes can be
deduced from the observations made following equation (9.11). The values
when Ωm0 is 1 are found in Problem 9.5. For (b), the behavior as Ωm0 ap-
proaces 0 is found in Problems 9.1 and 9.2. For (a), the value when Ωm0 is
0 can be deduced by seeing that dτ/dr is 1.

Problem 9.8. Suppose there is only radiation energy density and Ωγ0,
the value of Ωγ now, is 1. From (5.3) and the requirement that dτ/dr is 1
when r is 1 deduce that

(∆τ)(r) =
1

2
(1 − r2). (15)

In particular, the age of the universe in units of 1/H0 is

(∆τ)(0) =
1

2
. (16)

21



Problem 9.9. Show that if there were only radiation energy density,
(9.10) would be replaced by

dτ

dr
= (

Ωγ0

r2
+ 1 − Ωγ0)

− 1

2 (17)

with Ωγ0 > 0 the value of Ωγ now. Show that this gives times (∆τ)(r) that
are smaller for larger Ωγ0 and for each Ωγ0 are smaller than they would be
if there were only matter energy density with Ωm0 the same as Ωγ0. Sketch
the age of the universe (∆τ)(0) as a function of Ωγ0 for Ωγ0 between 0 and
1, finding the value when Ωγ0 is 0 by seeing that dτ/dr is 1 and using the
result of Problem 9.8 for the value when Ωγ0 is 1. Compare with the sketches
made in Problem 9.7. Show, by calculating the derivative with respect to r
and checking the value when r is 1, that

(∆τ)(r) =
1 −

√

Ωγ0 + (1 − Ωγ0)r2

1 − Ωγ0

. (18)

Show that in particular

(∆τ)(0) =
1

1 −
√

Ωγ0

(19)

and check that this agrees with your sketch.

Problem 9.10. Suppose the energy and pressure are as described in
Problems 4.1 and 5.2 with constant w, but w not -1, and Ωw0, the present
ratio of this “w” energy density to the critical density, is 1. From the result
of Problem 5.2 and the requirement that dτ/dr is 1 when r is 1 deduce that

(∆τ)(r) =
2

3 + 3w
(1 − r

3+3w

2 ). (20)

In particular, the age of the universe in units of 1/H0 is

(∆τ)(0) =
2

3 + 3w
. (21)

Check that you get the result of Problem 9.5 when w is 0 and of Problem
9.8 when w is 1/3.
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Problem 9.11. Show that if the vacuum energy and pressure are re-
placed by the “w” energy and pressure described in Problems 4.1, 5.2 and
9.10, for a constant w, then (9.10) is replaced by

dτ

dr
= (Ωm0r

−1 + Ωw0r
−1−3w + 1 − Ωm0 − Ωw0)

− 1

2 (22)

where Ωw0 is the present ratio of the “w” energy density to the critical density.
Note that when w is -1/3 this and the travel times (∆τ)(r) are the same as
for matter alone. Check that you get the expected results when w is 0 or
-1. Show that if w is less than -1/3, the times (∆τ)(r) are larger for larger
Ωw0; in particular, they are larger when Ωw0 is positive than when Ωw0 is
0. Suppose Ωm0 and Ωw0 are both positive, their sum is 1, and w is -1/2.
Sketch the age of the universe (∆τ)(0) as a function of Ωm0 for Ωm0 between
0 and 1, as in Problem 9.7, taking the value when Ωm0 is 1 from Problem 9.5
and the value when Ωm0 is 0 from Problem 9.10. Show, by calculating the
derivative with respect to r and checking the value when r is 1, that

(∆τ)(r) =
4

3Ωw0

(1 −
√

Ωm0 + Ωw0r
3

2 ). (23)

Show that in particular

(∆τ)(0) =
4

3(1 +
√

Ωm0)
. (24)

Check that this agrees with your sketch and compare it with the result of
Problem 9.9 for radiation.
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Problem 9.12. Show, by calculating the derivative with respect to r
and checking the value when r is 1, that if Ωm0 and Ωv0 are both positive
and their sum is 1, then10

(∆τ)(r) =
2

3

1√
Ωv0

[sinh−1

√

Ωv0

Ωm0

− sinh−1

√

Ωv0

Ωm0

r
3

2 ]. (25)

In particular, the age of the universe in units of 1/H0 as a function of
Ωm0 for Ωm0 between 0 and 1 is

(∆τ)(0) =
2

3
(1 − Ωm0)

− 1

2 sinh−1(
1

Ωm0

− 1)
1

2 . (26)

Check that this agrees with the sketch you made for Problem 9.7(b).

Problem 9.13. Suppose there is only matter density and Ωm0 is positive
and less than 1. Show, by calculating the derivative with respect to r and
checking the value when r is 1, that11

(∆τ)(r) =
1 − r

√

Ωm0/r + 1 − Ωm0

1 − Ωm0

(27)

+
Ωm0

2(1 − Ωm0)
3

2

[cosh−1(1 + 2
1 − Ωm0

Ωm0

r) − cosh−1(1 + 2
1 − Ωm0

Ωm0

)]. (28)

In particular, the age of the universe in units of 1/H0 as a function of
Ωm0 for Ωm0 between 0 and 1 is

(∆τ)(0) =
1

1 − Ωm0

− Ωm0

2(1 − Ωm0)
3

2

cosh−1(1 + 2
1 − Ωm0

Ωm0

). (29)

Check that this agrees with the sketch you made for Problem 9.7(a).
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X. Hubble Plots

Hubble plots are providing a more detailed picture of the universe as
they extend to larger distances. Earlier plots showed galaxies receding from
us with velocities proportional to their distances, as expected in a uniformly
expanding universe. Now Hubble plots are showing how the expansion has
developed during the time light from distant galaxies has been travelling to
us.12

Recession velocities are measured from red shifts of spectral lines. Hubble
plots now show distance as a function of red shift. Velocity is considered to
be a secondary quantity that can be calculated from the formula for the
relativistic Doppler effect.

The distance to an object is found by comparing its apparent luminosity,
how bright it looks, with its absolute luminosity, how bright it is thought to
actually be. Apparent luminosity decreases with distance, but the expansion
of the distance scale, the curvature of space, and the redshift all combine
to make the distance used to describe luminosity different from the speed of
light times the travel time.

If the redshift is z, the light from the object is spread over a sphere of
radius

χ(r = (1 + z)−1) =

∫

1

r

1

r′
dτ

dr
(r′)dr′ (10.1)

in units of 1/H0, because distances traveled at earlier times are expanded by
factors of 1/r′. If space is flat, has no curvature, the light is spread over a
sphere of area 4π(χ/H0)

2 General relativity says space may be curved, so the
area of the sphere of light is 4π(σ/H0)

2 where σ is χ if there is no curvature,
but

σ = rcsin(
χ

rc

) (10.2)

for positive curvature, and

σ = rcsinh(
χ

rc

) (10.3)

for negative curvature, with

rc = |1 − Ω0|−
1

2 (10.4)

where Ω0 = Ωm0 + Ωv0 is the value of Ω now.13 The two-dimensional analog
that is easy to picture is that on the two-dimensional surface of a sphere of
radius rc the circumference of a circle of radius χ is 2πrcsin(χ/rc).
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The redshift decreases the frequencies of the light and the energies of the
photons by a factor of (1+z)−1, and the frequencies of arrival of photons, the
numbers of photons arriving per unit time, are decreased by the same factor,
so the redshift decreases the intensity of the light by a factor of (1 + z)−2.
The “luminosity distance” dL that is used in Hubble plots is defined by

dL = (1 + z)
σ

H0

(10.5)

so that
1

4πd2
L

=
1

(1 + z)24π(σ/H0)2
. (10.6)

It is what we would deduce the distance to the object to be if the relation
between its apparent luminosity and absolute luminosity came just from the
light spreading out over a sphere in flat space. If there is only matter density,
the integral (10.1) with (9.10) for dτ/dr yields the simple result that14

dL =
2

H0Ω
2
m0

[Ωm0z + (2 − Ωm0)(1 −
√

Ωm0z + 1)] (10.7)

for all three cases of positive, zero, or negative curvature where Ωm0 is greater
than, equal to, or less than 1.

Problem 10.1. Show that (10.7) holds when there is only matter density,
no curvature, and Ωm0 is 1.

Problem 10.2. Suppose there is only matter density and Ωm0 is larger
than 1. Show, by calculating the derivative with respect to r and checking
the value when r is 1, that

χ(r) =
2√

Ωm0 − 1
[sin−1

√

Ωm0 − 1

Ωm0

− sin−1

√

Ωm0 − 1

Ωm0

r]. (30)

Show that this and (10.2), (10.4) and (10.5) give the result (10.7) for the
luminosity distance dL. (The case where Ωm0 is less than 1 is covered in
Problem 10.9.)
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Problem 10.3. By changing the variable from r to z in the integral
(10.1), using (9.10) for dτ/dr, and expanding in powers of z, show that to
second order in z, for small z for r near 1,

H0dL = z +
1

2
z2 − 1

4
(Ωm0 − 2Ωv0)z

2 (31)

for all three cases of positive, zero, or negative curvature for any Ωm0 and Ωv0.

Problem 10.4. Suppose Ωm0 and Ωv0 are both positive and their sum is
1. By making observations like those made for travel times following equation
(9.11), show that for each z the luminosity distance dL is smaller for larger
Ωm0 and smaller Ωv0.

Problem 10.5. Suppose there is only matter with Ωm0 positive and less
than 1. Show, using (9.10), (10.1) and (10.3)-(10.5), that for each z the
luminosity distance dL is smaller for larger Ωm0.

Problem 10.6. Suppose vacuum is replaced by “w” energy and pressure
as in Problem 9.11. Suppose Ωm0 and Ωw0 are both positive and their sum is
1. Show that for each z and fixed Ωm0 the luminosity distance dL is smaller
for larger w, and for each z and fixed negative w, the luminosity distance dL

is smaller for larger Ωm0.

Problem 10.7. Suppose there is only “w” energy and pressure as de-
scribed in Problems 4.1, 5.2, 9.10 and 9.11, and suppose Ωw0 is 1. Show that
if w is not -1/3 then

H0dL =
2

3w + 1
(1 + z)[1 − (1 + z)−

3w+1

2 ]. (32)

Problem 10.8. Suppose vacuum is replaced by “w” energy and pressure
as in Problems 9.11 and 10.6. Now let w be -1/3. Suppose Ωm0 and Ωw0 are
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both positive and their sum is 1. Then the luminosity distance is

dL = (1 + z)
χ(r)

H0

(33)

with χ(r) given by (10.1) and (9.10). Show, by calculating the derivative
with respect to r and checking the value when r is 1, that

χ(r) =
2√

1 − Ωm0

[sinh−1

√

1 − Ωm0

Ωm0

− sinh−1

√

1 − Ωm0

Ωm0

r]. (34)

Observe that χ(r) would be the same if there were only matter, with the
same Ωm0, but show, using (10.3), that the luminosity distance dL would be
larger.

Problem 10.9. Suppose there is only matter, with Ωm0 positive and less
than 1. Show that (10.3) - (10.5) and the result of Problem 10.8 for χ(r)
give the formula (10.7) for the luminosity distance dL.
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Appendix A. Radiation Pressure

Consider the pressure on a small plane area A from photons of mo-
mentum ~p reflecting off it. Let px be the component of ~p perpendicular to
A

for a photon approaching A. Reflection changes px to −px and leaves the
other components of ~p unchanged. Force is the rate of change of momentum,
so the force on A is 2px times the number of photons that hit A per unit
time. Altogether, including photons with different momenta ~p, the force on
A is

1

2
2pxvxAnγ (A.1)

where vx is the x component of the velocity of a photon with momentum
~p and nγ is the number of photons per unit volume. The average is over all
~p, but only photons with positive px exert force on A. They are just half of the
photons present. That explains the factor 1/2. The velocity of a photon is c
in the direction of its momentum. We assume there is a uniform distribution
of momentum directions. Then the pressure is

pγ = pxvxnγ = px(px/|~p|)cnγ = c
1

3

p2
x + p2

y + p2
z

|~p| nγ (35)

=
1

3
c|~p|nγ =

1

3
ργ (A.2)

because the average does not depend on the direction of the momentum and
the energy of a photon is

hν = c
h

λ
= c|~p|. (A.3)
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Appendix B. Vacuum Pressure

Energy density is the time-time component T00 of a relativistic tensor
Tµν . That tells us how it is changed by Lorentz transformations. It is more
complicated than the density of something that is Lorentz invariant, for ex-
ample electric charge. If an observer sees electric charges at rest occupying
a volume V with charge density ρe, an observer who sees the charges mov-
ing with velocity ~v will see the same total charge ρeV occupying volume
V
√

1 − ~v2 with density ρe/
√

1 − ~v2. Charge density is the time component
j0 of a relativistic four-vector

jµ = (
ρe√

1 − ~v2
,

ρe~v√
1 − ~v2

). (B.1)

The space part ~j is charge per unit volume times velocity. It is the current
density. It gives the charge crossing unit area per unit time.

The energy of an object is not Lorentz invariant. If an observer sees the
object at rest with energy m, an observer who sees it moving with velocity
~v will say it has energy m/

√
1 − ~v2. Its energy is the time component p0 of

a relativistic four-vector

pµ = (
m√

1 − ~v2
,

m~v√
1 − ~v2

). (B.2)

The space part ~p is the object’s momentum. Energy density is the time-time
component T00 of a relativistic tensor Tµν like pµpν . The other T0ν compo-
nents are momentum density or energy current. The space-space components
Tjk, where j and k are both 1,2, or 3, are momentum current. They give mo-
mentum per unit time crossing unit area. That is pressure.

In a homogeneous uniformly expanding universe, for observers who see the
nearby universe at rest, Tµν must be zero for µ 6= ν. There is no momentum or
flow of energy, and no shear pressure (for example, no flow in the x direction
of momentum in the y direction). Also

T11 = T22 = T33; (B.3)

if not, a coordinate rotation would make Tjk nonzero for some j different
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from k. So

Tµν =













ρ 0 0 0

0 p 0 0

0 0 p 0

0 0 0 p













. (B.4)

In a homogeneous universe, ρ and p must be the same throughout space.
They can be functions only of time.

A Lorentz transformation changes Tµν to

T ′
µν =

3
∑

α=0

3
∑

β=0

ΛµαΛνβTαβ (B.5)

where Λ is the 4x4 matrix for the Lorentz transformation of space-time co-
ordinates. For an observer moving with velocity −v in the z direction, for
example,

Λ =















1√
1−v2

0 0 v√
1−v2

0 1 0 0

0 0 1 0

v√
1−v2

0 0 1√
1−v2















(B.6)

gives

T ′
00 =

ρ + v2p

1 − v2
(36)

T ′
33 =

p + v2ρ

1 − v2
. (B.7)

The energy-momentum tensor is Lorentz invariant, T ′
µν is the same as Tµν , if

and only if
p = −ρ. (B.8)

If the vacuum is Lorentz invariant, then pv is − ρv.
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